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l. INTRODUCTION
The concept of hyperstructure was introduced in4169
Marty [10]. Hyperstructures have many applicaticios
several branches of pure and applied sciences.bfdge
hyperstructures are a suitable generalization afsital
algebraic structures. In a classical algebraicctire, the
composition of two elements is an element, whileam
algebraic hyperstructure, the composition of twarednts is
a set. Vougiouklis [26] introduced a new class of
hyperstructures, the so-called ,-structures, in which
equality is replaced by non-empty intersection.
After the introduction of fuzzy sets by Zadeh [18jere
have been a number of generalizations came inegxistof
this fundamental concept. The notion of intuitidicisuzzy
sets introduced by Atanassov [17] is one of them.
At the beginning according to Atanassov the term
intuitionistic means that the sum of the degree of
membership and the degree of hon-membership ighess
1 but after some time this condition is extendedl an
supposed to satisfy the constraint that the sutheoflegree
of membership and the degree of non-membershipsis |
than or equal to 1.
Basically the algebraic structure of intuitionistizzy set is
one of the interval-valued set not the intuitioitisiogic
[31]. In the same time the idea came in existehet the
interval-valued sets are mathematically redundapitou
which level so by discussion [32] it is mathemdtca
redundant up-to every level like power set levibleff level,

and categorical level. This naturally leads tornvaévalued
sets in a first step of departure away from stathdazzy
set. Indeed this is used in a long tradition in fieédd of
Economics, Engineering and Science, etc. where the
intervals were used to represent values of questiti case
of uncertainty. Currently it is studied in variodemains of
Information Technology, including preference mondg]i
learning and reasoning [33-34].

In 1971 the concept of fuzzy subgroup was introduicg
Rosenfeld [1]. After that B. Davvaz [4] has giverzdy H,-
submodules and also he [6] has given redefinedyfiikz
submodules and many valued implications. Zhan []Pet
al. has given some results on fuzzy hypermoduldterA
that Violeta Leoreanu fotea [28] introduced fuzzy
hypermodules. Zhan et al. [29-30] has given soraelteon
L-fuzzy hypermodules. After some year M. Asghariitra
[20-21] has given homomorphism of intuitionistie, (3)-
fuzzy H,-submodules of Hmodules. In 2012 Zhan et al.
[16] has given intuitionistic (S, T) fuzzy,t$ubmodules of
H,-modules. Recently in 2013 M. Aliakbarnia et aB]bhas
given fuzzy isomorphism theorem of hyper-near mesul
This paper continues this line of research on fiwtistic
fuzzy H,-subgroups.

Here it is very important to note that Intuitioméstuzzy set
is to be combined with the study of hyperstructufes
more generalization of the generalized concept.this
paper, we generalize the concept of fuzzygkbups [3] by
using the notion of intuitionistic fuzzy set apmbve some
results in this respect. We also consider the foretdal

relation ,BD defined on Kgroup H and for an intuitonistic

fuzzy subsetA={1/,, A,} of H, we define an intuitonistic

fuzzy subset Aﬁu of %D and prove a fundamental

theorem concerning the gro%m.

Throughout this paper left reproduction axiom fiwe
hypergroups is verified.

Il BASIC DEFINITIONS
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In this section first we give some basic definidar
proving the further results.

Definition 2.1[7] Let X be a non-empty set. A mapping
M2 X 5 [0,1] is called a fuzzy set irX .

Definition 2.2[7] An intuitionistic fuzzy set A in a non-
empty set X is an object having the form
A={(x (X, A,(X¥): xO X}, where the functions

My X - [0,1] and A, : X — [0, 1] denote the degree

of membership and degree of non membership of each

element XLJX to the set A respectively and
0, (x)+A,(X)<1 for allx X . We shall use the

symbol A={u, A, for the intuitionistic fuzzy set

A={(X (9, A,(X): xOX} .
Definition 2.3[27] Let H be a non-empty set and

HxH ~OY%H) be a hyperoperation, where
[0%(H) is the set of all the non-empty subsetd-bf

The [l is called weak associative if
(xOy)zn xyO2) 2¢, X, y,z0OH .
Where ABB= U alb, UA BOH.

alA, b0B
The [l is called weak commutative if
xtynylixzg, [Ux yUH.

(H , D) is called an k-group if

® [is weak associative.

(ii) allH =H Ua=H , 0 d]H (Reproduction
axiom).

Definition 2.4[3] Let H be a hypergroup (or Jyroup)
and let i/ be a fuzzy subset dfl . Then // is said to be a

fuzzy subhypergroup (or fuzzydubgroup) ofH if the
following axioms hold:

(Y min{u(%), 4(y)} <inf { 4 9}
(i) For all X,allH there exists YLIH such that

xOaOy andmin{zq @), tAX} { 4 ¥}

[l INTUITIONISTIC FUZZY HV-SUBGROUP
In this section we define intuitionistic fuzzydubgroup of
a hypergroup and then we obtain the relation betwee
intuitionistic fuzzy subhypergroup and level subérgroup.
This relation is expressed in terms of a necesseny
sufficient condition.

Ux yUH

Definition 3.1 Let H be a hypergroup (or Jyjroup). An
intuitionistic fuzzy set A={u, A} of H is called

intuitionistic fuzzy subhypergroup (or intuitionistfuzzy
H,-subgroup) ofH if the following axioms hold:

() min{(%, M)} <inf{ 49}, Ox yOH
(i) For all X,allH there exists YLIH such that

xOaDy and min{(a), 43X} < 4 Y.
(iii) sup{A, (@)} =max{A,(x), 1,(V)},

alxly
(ivy For all X,allH there exists YLJH such that

xOaOy and{A( Y} smax{ A3, A 3}
Proposition 3.2Let (H, [)] be a group andA={ 1/, A}

be an intuitionistic fuzzysubgroup of H. If we define the

Lx yUH.

following hyperoperatioron H; [: HxH - O%H),
xOy ={t=4(t) =(x3)} then (H,D is an K-

group and A={u, A} is an intuitionistic fuzzy k
subgroup of H.

Proof. For all XY,z in H we have

x[{yz)OxO(yOz)and  (x0y)zO(xOy)Oz.
Since (H,[)] is associative, thereforéH,D) is weak
becaugk [ly) 0z n x[((y[1z) # ¢,

[IX, Yy, Z[JH and the left reproduction axiom is satisfied,
ie. for all alH,

alH=U aDy:yLDJH{z: U= al)} =H.

yOH

associative,

Now we prove thatA ={ i, A,} is an intuitionistic fuzzy
H,-subgroup.

Here the conditions (i) and (ii) of definition 3dan be
easily proved by taking/ = 4/, in [3].

(iii)

supfh,@)}= sup ){AA(G)}=/1A(X@ smex{A(%, Ay} Ox yOH

oy A (@ (XY,
(v) Ox,adH, x=(al@™")Xx=ala™"X), hence
xOa(@™ [X) .Therefore it is enough to put

y=a " [X and in this case
Aa(Y) = A,(@7 1) < max{A, (@), A, (x)} =max{A,(a), A,(X)} -
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Now suppose thatd is a set andA={u,, A} is an

intuitionistic  fuzzy subset of H. We define the

hyperoperatior: H x H — [0 °(H) as follows:

Let X, yUH if U} s u(y),  then
yOx=xDy ={t: tOH, 1,(¥) < 4,0 < 4V} -
We will prove the following proposition.

Preposition 3.3Let (H, [)] be a group andA ={ i/,, A}
be an intuitionistic fuzzy subgroup of H, then
A={u, A, is an intuitionistic fuzzyH,- subgroup ofH

.Proof. In order to prove the proposition, it is suffitieo
prove the conditions (iii) and (iv) of definition13
(i) Since LIX, yLUH we have

a%qu @t=  sw  {h@=A3 svex{A(3, A(Y}

A(92(0)2(Y)
.(iv) Now supposeX, allH ,if A,(a)} 2 A,(X ,then

A(@)} 2 A,(X 2 A,(X which impliesx D allx and

it Ap(0} 22,8, then A, ()} 2 A(X) 2 1,(8)
implying x [0 x Ja = allx, therefore if we puty = X,

then in any casénax{A,(x), A, (@)} 2 A,(y) .
Now let H be a setandA={1/,, A} be an intuitionistic
fuzzy subset ofH . Then the sefy ={xUOH: AX =

is called the level set ofA. We will prove the following

results for H-subgroups because they are more general than

hypergroups.

Theorem 3.4Let H be an K-group and A={y,, A}

be an intuitionistic fuzzy subset ofH. Then
A={u, A, isanintuitionistic fuzzy ksubgroup ofH

if and only if for every t,0<t<1, A #¢@ is an K-
subgroup ofH .

Proof. LetA={u, A} be an intuitionistic fuzzy H

subgroup of H.
Ming i(%), i(W} 2t

Ox, ydAwe have

d ' =t.
and  sanf{u(a)} 2t
Therefore for every allxy we have alUAso

xOy O A . Hence for everya[1 A we havealA O A .
Now let XLJA, then there existsy[JH such that

xUaly and min{u,(a), #(X)} < u () . From
XOA and allA we gemin{u,(X), ¢, (a)} =2t and
soY A, and this prove#, [ alA .

Conversely, assume thait, 0<t<1, A #g@isan

H,-subgroup ofH .
(yOx, yUH, we can write

£,(0 2 Min{,(%), 1Y} and
L) Zmin{i,(), 4(Y}  and it we put
t, =min{z,(¥), 4,(Y)} . then XUA and yUA ,
so XLy U A . Therefore for everya LIx[ywe have
U, (@) 2 t,implying

inf {1} 2min 4 % 4 W -

(i) If Ua, xUH we putt, =min{,(a), #,(X)} then
XUA, and allA , so there existsylJ A , such that
xUaly. On the other hand sinceylUA , then
t,< 44,(y) and hencenin{,(a), 4,0} < 44 V) -
(i) Ux, yiH, we can write
(%) S max{d, (9, 4, (y)} and

A (y) <max{d,(x),A,(y)} and if we put
t, = max{A,(x), A, (¥)} thenxU A and yU A , so
XLy O A . Therefore for everyaLIXLy we have
A (a) <t implying

sUp{, (@)} < max{A, (3, A(V)}

alXy

@(iv) If Ua, xUH we putt, = max{A,(a), 1, (X)} then
XUA, and allA , so there existsy[JA , such that
xUaly. On the other hand sinceylUA , then
t, 2 A,(y) and hencenax{A,(a), A,(x)} 2 A,(y) .

We can obtain the following two corollaries froméldrem
3.4.

Corollary 3.5 Let (H,[)] be an HKgroup and
A={u, A} be an intuitionistic fuzzy WHsubgroup of
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H.1f0<t <t, <1 theng =/, if and only if there is

no X in H such that, < u(Xx) <t,.

Corollary 3.6 Let (H, [)] be an HKgroup and

A={u, A, be anintuitionistic fuzzy Hsubgroup ofH
If the range of A={i,, A}

S N t,} . then the sef A :1 <i <1} contains all

is the finite set

the level H-subgroups of A={u, A} . Moreover if
t>t,>.. >1,, then all the level Hsubgroups A

form the following chairh, U A O....0OA .
1 # 2 £ 2 n

Theorem 3.7 Let (H,[)] be an Kgroup. Then every

subgroup ofH is a level K-subgroup of an intuitionistic
fuzzy H,-subgroup ofH .

Proof. Let A be an K-subgroup ofH . For a fixed real
numberC,0<c < 1, the intuitionistic fuzzy subsefA is
defined as follows:

— [ Cc,xOA
A( X) - { 0,xOA
We have A= A and by theorem 3.4, it is adequate to

prove that A is an intuitionistic fuzzy subgroup. This is
simple and we leave out for readers.

Corollary 3.8 Let (H, [)] be an H-group andA be a non-

empty subset ofH. Then a necessary and sufficient
condition for A to be an ksubgroup is thatA= AD,

where A is an intuitionistic fuzzy ksubgroup and
0<t,<1.

Proof. This is obvious from Theorems 3.4 and 3.7.
Definition 3.9 Let (H,[)] be an K-group and A be an

intuitionistic fuzzy H-subgroup ofH. A is called right
fuzzy closed with respect tbl if (Ja,b[dH all the X in

bOalk satisfymin{ A(b) , A(a)} < A(X) . We call
A left fuzzy closed with respect thl if [la, bOH all
the y in b y[@& satisfy min{ A(b) , A(a)} < A(y).

If A is left and right fuzzy closed, theA is called fuzzy
closed.

Theorem 3.10 If the intuitionistic fuzzy HK-subgroup
A={u, A} is  right
AQH-A)=H-A.

fuzzy  closed, then

Proof. If bOJ A [{H — A), then there exist@[1A and
xOH-A bOalx.
A(X) <t < A(a) and sinceA is right fuzzy closed we
get min{ A(a) ,A(b)} < A(X).
A(b) < A(X) <t which impliesb[JH — A . So we have
proved A[(H-A)OH-A.

On the other hand iX[1H — A, then for everyall A

such that Therefore

Hence

by the reproduction axiom there exisd[JH such that

x[Oaly and so it is enough to prov¢[I1H — A . Since

A is an intuitionistic fuzzy ksubgroup of H, by definition

we havemin{A(a), A(Y)} Slarézé A g} which implies

() min{Aa), Ay)} <A X . Since A is right fuzzy
closed sdii)min{ A(X), Aa} <Ay . Now
XOH-A we get alUAand so A(X) <t< A(a).

Using (i) we obtain A(X)SA(y).

from

Therefore
A(x)<min{A(a), A(y)} and by (i) the relation
min{ A(a), A(y)} =A(x) s
A(X) < A(a) and hencemin{ A(a) , A( y)} = A( y).
so A(X)=A(y) and since XOH-A we get

obtained. But

yUH — Aand the theorem is proved.
V. THE FUNDAMENTAL RELATION

In this section we will prove a theorem concernihg
fundamental relatio;ﬂ)’D. Let (H,[)] be an H-group. The

relation ,BD is the smallest equivalence relation bh such
that the quotient %Dis a group. ,[)’Dis called the

fundamental equivalence relation di . This relation is
studied by Corsini [22] concerning hypergroups, &se [9,
24, 27]. According to [27] iU denotes the set of all the

Page | 33



International Journal of Advanced Engineering Research and Science (IJAERS)

[Vol-1, Issue-3, Aug- 2014]
ISSN: 2349-6495

finite products of elements dfl , then a relation3can be
defined onH whose transitive closure is the fundamental

reIation,GD. The relation 8 is as follows: for x and y in
H we write X8Y if and only if {X, y} Uu, for some
uu .

Supposeﬁm(a) is the equivalence class containiagl H .

Then the product] on %D, the set of all the

equivalence classes, is defined as follows:
B'(a)0 B"(b) ={B"(c):c0B"(a)B"(b)}, DabOH
. It is proved in [27] that,BD(a) O ,BD(b) is the singleton

{87 ©}for all cOB°(a)TB7(b). In this way %D

becomes a hypergroup. If we put

,BD(a)D,BD(b)=,BD(C), then %D becomes a

group.

Definition 4.1 Let (H,[)] be an HKgroup and

A={u, A} be anintuitionistic fuzzy subset ¢f . The

intuitionistic fuzzy subsetAﬁD on %D is defined as
follows:

Uyt - 10,1

A g - 101
K (B7() = sup {u(@)}

angi(x)

Ap(B(¥) = inf {X 8}

anp(x)

The concept of T-norm has been studied in [8], and

definition of T-fuzzy subgroups of a group G hasibe
introduced in [11]. Now we define T- intuitionistitizzy
H,~subgroup as follows:

Definition 4.2 Let (H,[)] be an H-group and let
A={u, Ay} be an intuitonistic fuzzy subset &4 . Then

A is said to be a T-intuitionistic fuzzy,t$ubgroup ofH
with respect to T-norm T if the following axiomslto

O T (a0, () < inf (i@}, Ox yOH

(i) Ox,ad0H there existsy[JH such thatx[Jaly
and T (i1, (a), 1 (0) < £, (¥)

() T, A,(4)2 Sup@l, @), O yOH.
(iv) Ox,al0H there existsyJH such thatxUaly
and T(4,(), A, (0) 2 1, ().

Now we give a more general proof of the followithgaorem
by using the concept of T-norm.

Theorem 4.3 Let T be a continuous T-norm and
A={u, A} be a T-intuitionistic fuzzy Hsubgroup of

H. Considering%u as a hypergroup, theﬁ\ﬁU isaT-

intuitionistic fuzzy H-subgroup of%m.

Proof. If 4= u, then the conditions (i) and (ii) of

definition 4.2 can be easily proved by [3].
(iii) Let ,BD(X) and ,BD(y) be two elements o%m.

We can write:

T, (850 A,.(B%(Y)

=T(nf {48}, inf { A W)
= Inf {T(A(3, A(D} zinf jSUp{ AL 9
> IE‘:{){%% AL a1 anfD{()ln;pr{ A R
= inf {1,(B(am)}

Ap(B (@) =A.(8(a) 0 5 (b))

(iv) Now supposeﬁu(x) and ,BD(a) are two arbitrary

elements of %D . Since A={u, A} is a T-

intuitionistic fuzzy H-subgroup of H, it follows that for

all r 08"(a),sdB"(x) there existsy, ([1H such that
risy,,  and  T(A(r), A(S)) 2 A(Y, ,)-
rashy,, it follows thatB3(s) O B(y, ) ={ B}
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which implies B7(x) O (Y, ;) ={B1(a} . Now if
r,08%(a) ands, 0 B7(X), then there existsy, ¢ JH
such that B7(s) 0O ,BD(yrl,sl) ={B{r)} and since
B = B(r) we get
B(s)0 ,BD(yrl )= B(s)0 By, s) and therefore
,BD(yr’S) = ,BD(yrlvsl) . So all the Yy,  satisfying

T(A(r), A(s)) =2 A(Y, ) belong to the same equivalence

class. Now we have:

T8, A, (8°)
=T inf {A(0}, inf { 4 B)
= inf {TOA(0, AL9} 2inf { A v,)

189(x) (%)
> inf {4 =A
Nt (A =4 Ay, )

Corollary 4.4 Let A={u,, A,} be an intuitionistic fuzzy

H,-subgroup of H. Considering |ymas a hypergroup,

B

then A,ED is an intuitionistic fuzzy subgroup of|y

B

Proof. This is obvious from Theorem 4.3, because
minimum function is a continuous T-norm.

Theorem 4.5Let H be an Kgroup andA={x/, A} be

an intuitionistic fuzzy ksubgroup ofH . Then A,ED is an

inuitionistic fuzzy subgroup O%D .

Proof. Since A={ ,, A} is an intuitionistic fuzzy &

subgroup, by Corollary 4.4, the first and seconddtions
of Definition 3.1 are satisfied, therefore

A8 06 (y)

(i) 0B8°(x), )0 %D there exists

() M (B, i (BN i LK) DAY Ay 0

BT o such thatff (9 = £1@) 0 B(Y) ana
min{g, (B8R, 1 (BL(@)} < B(Y) -
(i), BWA B0z s 8 Een BRL6H 5
(iv) 0B°(x), B°(a) 0 %D there exists
B OHY o such thatf (9 = £1@) 0 B'(Y) and
max{A . (8°(X), A, (8" @)} < A,.(BLY) -

Now for all B(X) in |%nge prove that

1, (B7()) < 1, (BYX)™) . Since8(X) 0 %D by

considering 8(a) = B(X) which is obtained from the

second condition there exisf§(Y,) in %D such that

B (x)=B(x)D0B(y) and
min{ 2, (B9, (B} < 1 BLY)) - From
B()=B (DB (y)we  obtainy, =B(v,),
where &), denotes the unit of the gro%g.

Therefore, we get (|)uﬂu(,BD(x)) S U (w,).
Now considering3(X), @, in %D, by

condition (i) above there existf3 (Y,) in %DSUCh

that @, = B°() 0 B(y,)and
min{z, (@), 4, (B} < 1, BT Y) -
@, = A 0 B(y,) we obtain™(y,) = B°(x) %, so

we get

() min{g(ar), Lo(B (A} < 1 (B(RT)
By () and (n  the

,Uﬂu(ﬂD(X)) < ,Llﬂg(ﬂD(X)_l) is obtained.

From

inequality
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Now for all B(X) in |yggwe prove that
A BN <A, (500 sinceB (9TH/ . by

considering (@) = B(X) which is obtained from the

second condition there exisf8 (Y,) in %D such that

B (x)=B(x)0 B (y,) and
maxid,.(8°00, 1, (B°00) 2 A_(B ()
From B(x) =B(x) 0 B(y,) we obtain
@, = B(Y,), where &, denotes the unit of the group

%D Therefore, we get (III)/lﬂu(,BD(X)) 2 A (@)

Now considering3(X), @, in %

above there exisf8(Y,)in %D such that

@, = B9 0 By, and
max{,. (@), Ay (8700 2 A, (B (y) . From
@, = B9 0 B(y) we obtaind(y,) = B, s0

we get

(V) max{A (), A, (B ()} 2 A(B(X7)

By (1 and (Iv) the

A (B () 2 A,(B7(X)7) is obtained.
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