International Journal of Advanced Engineering Research and Science(IJAERS)
Vol-9, Issue-6; Jun, 2022

INVERSE OF THE GENERALIZED VANDERMONDE MATRIX VIA THE
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ABSTRACT. In this study we display a process for inverting the generalized Van-
dermonde matrix, using the analytic properties of a fundamental system related
to a specific linear difference equations. We establish two approaches allowing
us to provide explicit formulas for the entries of the inverse of the generalized
Vandermonde matrices. To enhance the effectiveness of our the approaches, sig-
nificant examples and special cases are given.
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1. INTRODUCTION

The usual Vandermonde systems of equations of order r is given by,
I8
Z)\?xi:vn, n=0,1,...,r—1, (1)
i=1

where the z; (1 < i < r) are the unknown variables, the \; (1 < i < r) are distinct real
(or complex) numbers and the v, (0 < n < r — 1) given real (or complex) numbers. Let
m; > 1(1 <1i < s)be sintegers and \; (1 < < s) be distinct real (or complex) numbers.
For a given real (or complex) numbers v, (0 < n < r — 1), where r = my + - - - 4+ ms, the
related generalized Vandermonde systems of equations is defined as follows,

m;—1

S
Z Zwivjnj A =v,, n=0,1,...,r—1, (2)
§=0

i=1

where the z; ; (1 <7 < 5,0 < j < m; — 1) are the unknown variables. The generalized
Vandermonde system of equations is also known in the literature as a nonsingular usual
Vandermonde system. The generalized Vandermonde systems (1)-(2) appear in several
topics of mathematics such that the linear algebra, numerical analysis and polynomial
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approximation or interpolation. They also own several important applications in var-
ious areas of applied sciences and engineering like signal processing, statistics, coding
theory and control theory (see for example [8,10, 14], and references therein). In order
to solve Vandermonde systems (1)-(2), several methods have been provided in the lit-
erature (see, for instance, [2,6,11,12,16,20]). It was shown that solving these systems
is related to the inverses of their associated matrices, called also usual and generalized
Vandermonde matrix, respectively. For inverting the usual Vandermonde matrix, several
methods have been considered in various studies (see [2,6,9,11,17,19], and references
therein). The search for an efficient approach for computing the inverse of the general-
ized Vandermonde matrix, is still an attractive topic, because of its interest in various
topics of mathematics and applied sciences. Especially, two recent methods have been
elaborated in [2,12], for solving the generalized system (2). The process of [2] is base
on the analytic formula (or the so-called analytic Binet formula) of the linear recursive
sequences {vy, }»>0 of constant coefficients and order r, defined as follows,

Up = QoUp—1+ a1VUp—2 + -+ ap_1vp—, for every n > r 3)
Up = Qp for n=0,1,....,r—1, 4)

where aq, ..., a,—1 are the coefficients and «y, ..., a,_1 are the initial data. That is, the
analytic formula of sequence (3)-(4), is given by,

S mq-,—l
va=>_ | D2 B | A (5)
i=1 \ j=0

where the \; (1 < i < s) are the roots of the (characteristic) polynomial P(z) = 2" —
apz" "1 —---—a,_1, of multiplicities my, ma,..., ms, respectively. The scalars Bij(1<i<s,

0 <j <m; — 1) are obtained by solving a linear system,

s m;—1
S D B | M =an 0<n<r-1. ©
i=1 \ j=0

We show that the system of equation (6) is nothing else but a generalized Vandermonde
system (2). Indeed, the unknown variables z; ; (1 <7 <'s,0 < j < m; — 1) are identified
to the scalars 3; ; (1 < i < 5,0 < j < m; — 1), namely, the two systems (2) and (6) are
identical. Therefore, exhibiting explicit compact analytic formulas (5) for the general term
v, namely, explicit formulas for the scalars ; ; (1 < i < 5,0 < j < m;—1) without solving
the generalized Vandermonde system (2), will permit us to establish explicit formula for
the solution of this system, or equivalently, the entries of the inverse of the associated
generalized Vandermonde matrix.

This study concerns the implantation of a process for computing explicit formulas for
the entries of the inverse of generalized Vandermonde matrix, through knowledge of the
analytic formulation (5) of the fundamental system related to Expression (3), considered
as a difference equation. To reach our goal, we exploit the recent studies of [1,3] in order
to set up two approaches which make it possible to highlight a new explicit form of the
analytical formula (5) of v, namely, we are going to exhibit new explicit formulas for

the scalars 3, ; (1 < i < 5,0 < j < m; — 1), and by the way we set out the inverse
107



of the generalized Vandermonde matrix, or equivalently we solve the the generalized
Vandermonde system (2). In order to better understand our results, we will exhibit some
special cases and illustrative examples. Finally, we analyze and discuss the results issued
from our two approaches, by comparing them with the literature, especially with results
of [2,12].

The remainder of this paper is organized as follows. Section 2 in devoted to the prop-
erties of the fundamental system of Equation (3) and its related dynamic solution. Some
explicit compact analytical formulas of the dynamic solution are proposed. Section 3 con-
cerns the process of construction of the inverse of the generalized Vandermonde matrix,
with the aid of the analytical expression of the fundamental system of Equation (3). The
two main results on the inverse the generalized Vandermonde matrix related to the the
generalized Vandermonde system (2), are provided in Section 4. Analysis and discussion
are considered in section 5. Finally, conclusion and perspectives are given in Section 6.

2. EXPLICIT ANALYTIC SOLUTION OF THE DYNAMIC SOLUTION OF (3)

2.1. Fundamental system and its dynamic solution. Let Sﬂ(g) (ag, - - ., ar—1) be the K-vector
space of finite dimension r, of solutions of Equation (3) of coefficients ay, ..., a,—1 # 0.
Let {{v'”},50; 0 < p < r — 1} be the family of sequences of Sﬂg)(ao, ... a,_1), indexed
by p (0 < p < r — 1) defined as follows,

vﬁbp) = aovr(ﬁl + alv,(LpEQ + -4 ar_lv,(lp_)“ for n > r, %
oP = Sp.n for0<n<r—1.

Namely, this family {{vﬁlp )}nzos 0 < p < r — 1} represents r copies of sequences (3) with

mutually different sets of initial values, viz. USZ’ ) — opn (0 <n<r—-1,0<p<r-1),

where ), is the Kronecker symbol. For every {v,},>0 in Sﬂ(g)(ao, ...,ap—1) of initial
r—1

data a, ..., a,—1. Let {wy,}n>0 be the sequence defined by w,, = Z apvﬁf’). Then, as
p=0

a linear combination of the {vﬁlp)}nzo, we can show that {wy, }»>¢ is in Sg)(ao, ceyQpo1),

moreover we have w, = oy, for 0 < k < r — 1. Therefore, using Lemma 2.1, we can
r—1

verify that v,, = w,, for every n > 0, namely, v, = Zapv,(f’), for every n > 0. On
p=0

r—1
the other side, suppose that Z ozpvﬁf’) =0, for every n > 0. Since vT(lp ) — Opn, for 0 <

p=0
r—1

n < r — 1, we show that Z apvﬁf’) =a, =0for 0 < p < r — 1. Therefore, the family
p=0

{{v,(lp)}nzo; 0 < p <r — 1} is a basis of the K-vector space Eﬂg)(ao, ..., ap—1). The family

{{vﬁf ) tn>0; 0 < p <r—1}isknown in the literature as the fundamental system of Equation

(3), or the Fibonacci fundamental system of Equation (3).

For reasons of utility, we first state the following elementary lemma, concerning the

equality of two elements of the space 8]]{(7" ) (ag,...,ar_1).
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Lemma 2.1. Let {v,}n>0 and {wy}n>0 be in é'g)(ao,...,ar_l). If vy = wy, for

k=0,1,...,7 — 1, then, we have v,, = wy, for every n > 0.
The proof of this lemma is done by simple reasoning by induction.

Among the element of the fundamental system (7), the next theorem shows the closed

relation  between {vﬁf_l)}nzo and the other elements {USZ’ )}nz(] for
p=0,...,7r—2.

Theorem 2.2. Let {{vﬁlp)}nzo; 0 < p < r—1} be the fundamental system of Equation (3). Then,
for every p, withp =0, ...,r — 2, we have,

vép) = Qr—p— 1U£Lr 11) +ar— pv’ELT 21) +ooot ar—w?(zr:plf)l’ ®

for every n > r.

Proof. Let first recall that the sequences {UﬁLp ) }n>0 are defined by (7), namely,

vﬁlp)zépnforp,n:O co,r =1,
vr(lp) —aov() —l—alv( )2—}—---—|—ar,1v,(ﬁr forn > r.

Let {wg])}nz() be the sequence defined by w(()o) =1 and wﬁP) = q,_ 10( U We show that

{w7(10) }n>0 satisfies Equation (3), with initial data,

(0) (r— )

wy’ =1and w® = a, 10\ 7 =0, forevery 1 <n <r— 1.

Therefore, using Lemma 2.1, we derive w( ) = 1)7(1 ), for every n > 0, namely, we have
(0) MG

vp = ap_1v,_, ,foreveryn > 1. Forp =1, let {wn }n>0 be the sequence defined by

w[()l) =0, wgl) = 1land wg) = Gp_ gv( 2 (r 21)

It is clear that wg) = Qp_oV ( ) + wﬁL )1,

(3), with initial data,

+ ar—1v,

thus the sequence {wn )}nzo satisfies Equation

wél) =0, w%l) =1and wg) = GT_Q’UT(::ll) + wgﬁl =0for2<n<r-—1.

Therefore, Lemma 2.1 shows that the two sequences {wn1 tn>0 and {vnl }n>0 are identi-

(1) (T ) ( )

cal, namely, we have v’ = a,_2v + a,_1v . More generally, with the aid of the

similar argument, for 2 < p < r — 2 we Con51der the sequence {wn }n>0 defined by the
initial conditions w{” = - = w”, = 0, w? =1, and

p—1
w,@ = ar_p_lfu( Dy Ay pv,(f 21) + - 4 ar_qv

We can observe that w?) = a,_ e 1v( Uy w( 1)
(r-=1)

n—p—1-

(r=1)

n—p—1-

, where w7V = a, oD 4. 4

Ap_1V Hence, the sequence {wn }n>0 satlsfles Equation (3), with initial data,

w? = .. J(Dp)l =0, v =land w? =a, w4l D = 0for p+1 <n < r—1.

Hence, by applying Lemma 2.1, we derive that the two sequences {w,(lp ) }n>0and {vgp ) Fn>0

are identical. Therefore, for every p (0 < p < r — 2), we have

fUSLp) = arfpflv( D + ar— pU£LT 21) + -t ar— 1'U£LT pl)l U
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The result of Theorem 2.2 can be also established by induction on p. However, we have

used here an elementary process based on Lemma 2.1 and the fact that Sﬂ(g) (ag,...,ar—1)
is a K-vector space

Expression (8) shows that the sequence {vq(f_l)}nzo will play a central role in the se-
quel. The sequence {v,(f_l)}nzo, is called dynamic solution of Equation (3).

For illustrative purpose, we propose the following special case.
Example 2.3. For r = 4, Expression (3) takes the form
Up = AQUn—1 + Q1Up—2 + A2VUp—3 + a3Up—g for n > 4.

Therefore, the terms vg)), 07(11)/ v,(?) and vﬁf) of the fundamental system are expressed in terms of

(r—1) 3)

the dynamic solution v, ' = vy, ’ under the form,
3 3 3 3 3 3
o = a0V, o) = agol?) + azolVy, 0@ = a1l + asel?y + azel?s,
forn > 4.

2.2. Analytical formulas of the dynamic solution: First approach. Let \; (1 < i < s)
be the roots of the characteristic polynomial P(z) = 2" — apz" ' — -+ — a,_, related
to sequence (3), of multiplicities m1, ma,..., ms, respectively. For every m; > 1 we set
5,[51 ={(ny,...,ng) EN*Y ny - 4tn 1 +ng1+-+ng=m; —k—1}. In[5, Section
4.1], the following expression was considered,

(nj +m; — 1>
W) =0T - ©)
k 1.9 s

.\ \nitmy
gl \ 1<5#i<s (A = Xi)

for0<k<m;—1land1l <7 <s.

Example 2.4. Let r = 7 and suppose that s =3, m; =2, mg =land mg =4. Fori =3,k =1

we have 51[3] = {(n1,n2); n1 +na =4 — 1 — 1 = 2}. Therefore, we have,

<n1+m1—1> <n2+m2—1>
5] — (1) m =2
7 (>\17 )‘Qa )\3) - (_1) Z ()\1 _ /\3)n1+m1 ’ ()\2 _ )\3>n2+m2 ’

ni1+ng=2

ni+1
ni

Therefore, since (m) = 1and ( > = ny + 1, we obtain,
ng

ny+1 1
(A1 = Ag)™F2 (Ag — Ag)m2tl

WAL A 2s) = (-1)° Y
ni+ng=2
The analytic formula of the dynamic solution vV related to the fundamental system
(7), can be expressed in terms of the roots \; (1 < i < s) of the polynomial P(z) =
2 —ap T — o —ap_y, by the previous expressions (9) of the 7,[51()\1, ..., As). More
precisely, we have the following result.
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Proposition 2.5. The analytic expression of the dynamic solution oV is given by the following

m;—1
formula v~ Z ( Z B > Ai', for every n > r, where

=1 =
(r—1) e ML)
Bir = Z s(t,k)T, (10)
t=k M

and the s(t, k) are the Stirling numbers of the first kind.

o

S mi—l
Indeed, from [3, Theorem 2.2], we have v(r N = Z ( Z (

=1

) V. .,AS)> Ark,

for all n > r. On the other hand, it is well known that — =nn-1)---(n—k+

(n—k)!

k
Z s(k,t)n', where the s(k, t) are Stirling numbers of the first kind. Therefore, the
t=0

combinatorial expression (n) can be also expressed in terms of the Stirling numbers of

k

k
) ) n\ nn-1)---(n—k+1) s(k,t)
the first kind as follows ( k:) = I = ;ZO R Thus, we get

S mi—l k [’L] )\ )\
o) = Z ( Z (Z s(k, t)nt> W) A7, for every n > r, or equivalently,

S mi—l mi—l [Z}
S0 3 (Z (Z s(t, kﬂ“M“) n) X!, for every n > .

=1 k=0 t=k

Therefore, the results follows, namely, Expression (10) is established. [J

More generally, the result of Proposition 2.5 allows us to determine the expressions of

(-

N 1) (1 <d < r—1). In summary, we have the following result.

Proposition 2.6. Under the preceding data, ford = 1,...,r — 1, we have

mi—1
Z ( Z CZ] nj> A?, f01’ every n >,

=1

where
mi—l
Cl =71 S (ks (’;) ", (11)
k=j

such that the ﬁg’rk_l) are as in (10).
Indeed, from Proposition 2.5, we derive,
m;—1 m;—1 k k
-y (Z Bl )A” =y Z By Z(.)n%—d)'” A
— J

=1 =1
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s m;—1 mi—1
Therefore, we get vg:dl) = Z ( Z (A d Z BZ ( > 1)k_j dF=I | nd A, which
i=1 \ j=0
allows us to derive Expression (11). [
For reason of clarity, in the following corollary, we consider the special useful case, for

illustrating Propositions 2.5 and 2.6.

Corollary 2.7. Special case s = 2: my > 2 and my > 2. Under the data of Propositions 2.5
and 2.6, suppose that s = 2: my > 2 and mg > 2, then, we have,

- (oo (E )

or every n > r = my + ma, where the (r=1) ,i=1, 2areasin (10) , namely,
y i,k y

Ly & W (A1, oy S W (A1, A
0 =3 sl 22 g ) S LA )
2 Y 2 Y

and the s(t, k) are the Stirling numbers of the first kind. Moreover, for everyd =1,...,r—1, we

have,
mi1—1 mo—1
vg:dl) = Z C’(d nd | N] + Z 02] 95

J=0

(d )

for every n > r = mq + mo, where the C ; are as in (11), namely,

mi1—1 mo—1

o = a7t S (—ykagl Y <k> @ and 0 = 251 37 (—1)kigY Y <l;> &,
=

k=j
such that the ﬁ(T Y and 6; Y are given by (12).

2.3. Analytical formulas of the dynamic solution: Second approach. For a given se-
quence (3), it was shown in [13] that,

v = p(n,r) Ao+ p(n—1,7) A1+ +pn—r+1,r)A_1, (13)
for every n > r, where A; = a,_1v; +--- + a;v,—1 (0 <i <r—1)and

(k0+k'1+"‘+k7-_]_)! k, k kr_
Z ko!kl!.“k’r—l! aooall'”ar—117 (14)

p (nv 7’) =
ko+2k1+-+rky_1=n—r
with p(r,r) = 1and p(n,r) = 0forn < r—1. Let A\; (1 < i < s) be the roots of the polyno-
mial P(z2) = 2" —apz" ' —--- —a,_1, of multiplicities m1, ma,..., ms, respectively. Using
the divided difference techniques and Newton interpolation method, it was established
in [1, Theorem 3.1] that Expression (14) of p(n, ), can be formulated in terms of the roots
Ai (1 <i < s) and their multiplicities my, mg,..., ms as follows,

f o)
p(n,r) = Z m, for every n > r, (15)
i=1
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n—1

with p(r,r) =1, p(n,r) =0 for 0 <n <r—1,and fi,(z) = — i , Where
[T (z—A)m
k=1, k#i
fi(”;) () means the derivative of order k of the function f; ,. Especially, when the roots \;
(1 <4 < s) are simple, namely, s = r and m; = my = --- = m, = 1, Expression (15) takes
the form,
s fz(;”zfl) ()\Z) T )\Zr'zfl
p(n,r) = Z W = Z T ; (16)
i=1 : : =1 I =)

k=1, ki
Expression (16) has been also established in [2,4]. In addition, let {w),},>0 be the se-
quence defined by w,, = p(n+1,r), then Expression (13) shows that {w), } >0 satisfies the
recursive relation (3), and its initial conditions are wy = -+ = w,_o = 0Oand w,_1 = 1.
Hence, the dynamic solution {vg_l)}nzo and the sequence {wy, },>0 satisfy the same re-
cursive relation (3) and own the identical initial conditions. Therefore, Lemma 2.1 shows
that,

oY = p(n +1,7), for every n > 0. (17)

n

Therefore, taking into account Expressions (15) and (17), we derive that the analytic for-
mula of the dynamic solution is given by,

s (mi_l)()\,

0 = p(n +1,7) = Z Ll

£ m, fOI‘ eVery n 2 r, (18)

where the function f; 41 (1 <@ < s) are defined as by f; ,+1(z) =

For m; = 1 wehave m;—1 = 0, therefore, we get ff?;j;l)(a:) = fint1(z) = z

For technical reasons, we set f;,t1(z) = gqn(x)H;(x), where ¢,(x) = «
1

1 (z— A

k=1, ki

For m; > 2, let compute the explicit formula of the derivative of order m; — 1 of the
xn

function f; ,11(z) = . To achieve our goal, we will proceed in two

S

[T (&= Ap)m

k=1, ki

steps. First, let f, g two functions admitting derivatives of order m > 1 on a nonempty
m

subset of R. It is well known that, we have (fg)™ = Z <
d=0
this former formula to f; +1(2) = gn(z)H;(x), we obtain,

@ =3 (i}) (O H @) =Y (’Z}) (myaa™*H" " (2),

d=0

m

g > f(d) g(m_d). Application of



where (n)g =n(n—1)---(n—d+ 1). Since (n)g = ZZ:O s(d, h)n", where the s(d, h) are
the Stirling numbers of the first kind, we show that,

i = 5555 () (S

d=0 d=0 h=0
m d m m
Using the identity Z Z Tap = Z Z x4, for a bi-indexed sequence x4, we obtain
d=0 h=0 h=0 d=h
SAS MY pm-d), \ —d\  hon
fl n+1( T) = hz% ;s(d, h)<d>Hi (x)x n"x". Therefore, for m; > 2 we set x =

A; and m = m; — 1, thus we arrive to have,

mi;—1 /m;—1

mi— Y Y mi — 1 m;—d— — n

o = Y <Z s(d, h)< ; >H§ U d) AL, (19)
h=0 d=h

Second, to improve Expression (19), we will give the explicit form of the p — th derivative
of the function H;(z). For this purpose, we use the following well-known formula,

(fr-forf) ™= > <l<:1 " k)Hf;kj),
coke) £

k1++ks:m

!
where (k1 m k:5> = #’%' and f; : £ — R (1 < j < s) are functions defined

on a subset E # 0 of R, which are n times differentiable, and f®) is the derivative of
order p of the function f. Moreover, for every integer m’ # 0, the derivative of order
p > 1 of the function f(z) = (z — \)™ , is given by f®)(z) = m/(m/ —1)---(m’ — p +

' —1)!
1)(z — A\)™ P, and when m’ = —m with m > 1, we get f)(z) = (_1)p(m(—|-pl)')(x -
m —1)!
A)"™7P. Now, applying the above formulas to the function H;(x), written under the
1 S
form H;(x) = — = H hj(x), with h;(z) = (x — A;)~™, we obtain
[I (@=X)™  j=1j#
=1, j#i
k

Hz(k)(x) = Z <p ) H h (®) Where 5£€] - (p17p2a ---aps) € Ns_l; pr+ -+

~ \P1

[4] j=1,j#i

mj; +pj — 1)!

_ : (P y _ ( Nmp
pi—1 + pit1 + -+ ps = k}. Since, b7 (z) = (1) ] (z — \j) "™ 7P5, for

every j (1 < j # i < s), we derive the following lemma.

Lemma 2.8. For every k > 1and 1 < i < s, we have,

k 5 (mj+p;— 1) i,

=1, j#i
Ek J=1, j#

Summarizing, through Expressions (16), (19) and (20), we can formulate the following

result.
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Theorem 2.9. Let \; (1 < i < s) be the roots of the polynomial P(z) = 2" —apz" "1 —- - —a,_1,
associated to the recursive relation (3), of multiplicities my, mo,..., ms, respectively. Suppose that
for every root \; the associated multiplicity m; > 2 (1 < i < s). Then, the analytic formula of the

dynamic solution is given as follows,
h)(mi ; )H“’“ TOONA ) WAL (21)

1

s m;—1

. 1 m;—1
WS i & (st
i= =0 d=h

for every n > r, where s(d, h) are the Stirling numbers of the first kind and H;(x) = —
[T (z—Ak)m

k=1, k#i
and the Hi(k) (x) are as in (20).
Suppose that for every root \; the associated multiplicity m; = 1 (1 < i < r). Then, the
analytic formula of the dynamic solution is given as follows,

UT(erl) — Z - )‘z , (22)
=1 H ()\1 — )\k)

for every n > r.

We illustrate Theorem 2.9 by the following special case.

Special case: s = m; = my = 2. Let determine the dynamic solution v,(f), when s = m; =
my = 2. By using Equation (21), we infer that,

1

2 1 1 1
2 (Z st.n)(}) Hz“‘d’w»;d) WX} = Qi (n) + Qa(n),
i=1 h=0

d=h
where

1 1
Z (Z (d,h) ( ) (1- d)()\z)X_d> n" AT = B oA + Bi 1AL,
h— h

0 \d=
for i = 1, 2. Since ( O) = s(1,1) = 1 and s(1,0) = 0, a stralghtforward computation

implies that 810 = H{" (M), Bi1 = H{” O, Boo = HY(a), Bon = HY (Aa)A5".
Applying Equation (20), we obtain,
-2 1 2 1
ﬂl,o—m7 ﬂl,l—W Bao = n = M) ﬁQ,l—m.

Therefore, for s = m; = my = 2, the dynamic solution v,(f’) takes the form,

ICYEPYE
for every n > 0.

1
3) Ay

T+ nA} +

5+

1 2
(A1 — A2)2\ (A1 — Ag)3

Let \; (1 < i < s) be the roots of the (characteristic) polynomial P(z) = 2" —agz" 1 —- - —

ar—1, associated to the recursive relation (3), of multiplicities m1, ma,..., ms, respectively.
Without loss of generality, we set,

21 = {\;, root of P(z) withm; = 1}; Z5 = {\;, root of P(z) with m; > 2}.
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Then, combining the two cases (21) and (22) of Theorem 2.9, we get the following general
result.

Theorem 2.10. Let \; (1 < i < s) be the roots of the polynomial P(z) = 2" —apz" 1 —- - —a,_1,
associated to the recursive relation (3), of multiplicities my, ma,..., ms, respectively Then, the
analytic formula of the dynamic solution is given as follows v~ = &) + W for every
n > r, where

m;—1
I8 1 n '8 -
o =) — Az‘””d‘l’v(%):z:<m—1|X:A )
€2 IT (= Xg)™ i€Z
k=1, ki
Tl m; — 1 1
where AY) = " s(d, h)( y >Hf’”"d1)(Ai)A;d, with Hy(z) = — ,
d=h [T (z—Ap)m
k=1, ki
and the Hi(k) (x) are as in (20).
Since the analytic expression of 1)7(1 —p ), forp=1,. — 1, will be useful in the sequel,
the result of Theorem 2.10 allows us to obtain,
" pl) <I>(T) - ‘P;)pa for every n > p,
where
(") AT (r) np
%—pzz E ’\Ijn—p:Z( ZA Ai
i€Zy IT (= Xg)™ €29
k=1, ki

And a similar process used for establishing Proposition 2.6, shows that the expression

m;—1 m;—1 m;—1
Z AET,Z (n — Z Al(rlz (Z <Z) (—p)hk>,can be written under the form Z AET,Z (n—
h=0

k=0 h=0

m;—1 /m;—1

: - AN . . .

p) = E < E (—1)hk < k) AE fz " k) n¥. Therefore, we derive the following proposi-
k=0 \ h=k

tion.

Proposition 2.11. Under the data of Theorem 2.10, for 1 < p <r — 1, we have,

D= ST BN ST BN, forn—p >

1€2 1€ 2o
)\71) m;—1 /m;—1 h

ot 4 = —— 2, = A S (5 o () sl )

IT (A= Ag)m " k=0 \ h=k

k=1, ki

il m; — 1 1

such that AET}B Z s(d, h)( Zd )Hi(m"_d_l)()\i))\i_d, and H;(z) = — ,
d=h [ (z—Ap)m

where the Hi(k) (x) are as in (20).
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For illustrative purpose of Theorems 2.9 and 2.10, we consider the special useful two
cases: s = 2 with my > 2, ms > 2 and s = 3 with m; = mg = 1, m3 > 2. For the first case
we show that Z; = () and Z; = {1, 2}. Thus, we have the following first corollary.

Corollary 2.12. Special case s = 2: m; > 2 and my > 2. Under the data of Theorem 2.10, we
have,

mi—1 /mi—1 ma—1 /ma—1
v,(f_pl):m_l'z<271hk)>nk)\? _1'Z<Z'yghk)>nk/\g‘,
1 k=0 \ h=k mz k=0 \ h=k

hY\
for every n —p > r, with 1 < p < r — 1, where v1(h, k) = (—1)h_k< >A§ ,)lph * and

k
h " - ~ -1 mi]—a— —
Ya(h, k) = (—=1)"F <k> Aév,{p , with A Z < . )Hf 1—d 1)(>\1)>\1 d
el mo — 1 - 1
A7) =D s, h)< 2d >H§m2_d_1)()\2))\2_d/ Hi(z) = — ,and the H*) (x)

k=1, k#i
are as in (20).

For the second, we show that Z; = {1, 2} and Z; = {3}. Thus, we have the following
corollary,

Corollary 2.13. Special case s = 3 with m; = ma = 1, mg > 2. Under the data of Theorem
2.10, we have,

W=D _ MY 4 A"
Un—p (A = A2)( A1 — Az)ms (A2 = A1) (A2 — Ag)ms

2 + Q3(”)7

ms3—1 /m3—1
forn—p>r,withl <p < r—2, where Q3(n) = m3—1' Z (}; 73hk)>nk/\n,

msz—1
v3(h, k) = (—1)"™ k(Z)Agf,lph—k,withAgf;: 3 s(d,h)( 3 ; >H§m3_d_1)()\3))\3dand
d=h

Hs(z) = ;, such that the HZ-(k) (x) are as in (20).
(:IZ - )\k)

[

k=1

3. CONSTRUCTION OF THE INVERSE OF GENERALIZED VANDERMONDE
MATRIX VIA THE ANALYTIC FORMULA (5)

We have exhibited the close relation between the analytical form of sequences (3) and
the generalized Vandermonde systems, through the equivalence of the two generalized
Vandermonde systems (2) and (6). This section is devoted to the process of constructing
the inverse of the generalized Vandermonde matrix, using the analytic formula (5) of the
elements {v(p ) }n>0 of the fundamental systems (7).

We first introduce some useful notations, allowing us to introduce the generalized Van-

dermonde matrix and to study its inverse. Let C-vector space of the polynomials C[z],
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d
and consider the derivation degree Dp(z) = zd—i(z) Let po, p1, ..., pr—1 be in C|z] and

f:C — C", the valued vector function defined by,

f(Z) = (pO(Z)7p1(Z)7 e 7p1“—1(z))T’

where (70,71, -..,7%—1)! denotes a vector column. We extend the derivation degree to
the preceding vector function as follows,

Df(z) = (Dp()(z)¢ Dpl (Z), ) Dprfl(z))T-
More generally, we have D®) f(2) = (D®py(2), DFp,(2),...,D®p,_1(2))T, for every
k>0, where DO =14, DV =D, .., D® = Do...oD, k times, for k > 2.
Let A\1,..., Ay benon-zero distinct s complex or real numbers, and s integers my, ..., ms,
withr =mj +--- 4+ m,. Let C': C — C" be the valued vector function defined by,

C(z)=(1,2,...,2 HT, where z € C.

For every k > 0, we consider the family of vector columns,

i =C () = (LA, . 0 D fork =0
{c () = (1A A7, AT for 23)

B = DO = (0,0, 2502, .. (r — DFATYT for k > 1.
The generalized Vandermonde matrix of order r associated to the preceding family of vectors
column (23), is given by,

(m1-1)

_ (1) 1
V=lea,¢’,..hq ces,

c{ms=11, (24)

S

According to [9], we have,

det V = (H A;”i(mi‘””) (f[[on! c(my— 1)!]) LTy =)™
i=1

i=1 §>i
This expression shows that det V # 0, because each )\; # 0. Then, the generalized Van-

dermonde matrix V has inverse V1.

Let built the process of the inversion of the generalized Vandermonde matrix (24), by
utilizing the analytic formula (5) of the sequences of the fundamental system (7). For
reason of clarity and conciseness, let consider the following useful notations of the two
vectors column,

T T
B= (51,07"'7ﬁ1,m1717"'768,07“'165,”&*1) and A = (&Ovalv"'vanl) 5

where the ; ; (1 < i < 5,0 < j < m; — 1) are the scalars of the analytic formula (5) and
ap, ai, ..., ay—q are the initial data given of sequence (3). Therefore, the linear system (5)
can be written under the matrix equation,

V-B=A. (25)
Since the generalized Vandermonde matrix V is invertible, we derive,
B=V!. A

Forevery p,n =0,...,7 — 1,weset A, = (0,...,0,1,0,...,0)T where 1 is located at the
(p+1) —th position, or equivalently A, = (ag, v, .. ., a,_1)", whith oy, = dpn- Then, the
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(p + 1)-column of the inverse V!, of the generalized Vandermonde matrix (24) is given
by,
v —y-la, (26)

p+l =
Furthermore, the scalar components of this column vector v +1) are the solution of the
linear system (5), defining the analytic formula of the linear recursive sequence (7), whose
initial conditions are the entries of vector column A,. More precisely, for the sequence
{v,(lp )}nzo, defined as in (7), and whose initial conditions are the entries of the column
vector A, the analytic formula is,

m;—1

-y 3 a5 | N

=1 7=0

And by considering the vector column,

D = (B3 B+ B B )T
we show that Expression (26) implies that the (p + 1) — th column, of the matrix V!
inverse of the generalized Vandermonde matrix, is given by,

V](;_ll):]B(p):(’B 7"‘7/81m1 1,...,550,.._7IB§{J7315_1)T

7

Therefore, the analytic formulas of the sequences {w(f tn>0 (0 < p <r —1),defined as in
(7), provides us the columns of the inverse of generalized Vandermonde matrix V given
as in (24). In summary, we formulate the following fundamental result.

Theorem 3.1. Let V be the generalized Vandermande matrix (24), related to the linear system
(5), through the matrix Equation (25), namely, V - B = A, where B is the vector column B =
(B1,0 -3 Brmi—1s-- -5 Bs,0, - - - ,,837ms,1)T obtained from the analytic expression (5) and A =
(oo, 1,y - . ,a,._l)T is the vector related to the initial conditions of the sequence (3). Then, the
inverse of the generalized Vandermande matrix is given by,

v = BO,BY, ... B,

where B®P) = ( fg? ..,ﬁlml 1,...,6§f’3,...,ﬁ§%871)T is the wvector column V;+11):
V=LA, with A, = (ag,o1,...,a,1)T with o, = 6y, namely, BE) = Vl(;ll) =
VLA,

Taking into account Theorem 2.2 and Theorem 3.1, as well as the results of Section 2,
concerning the explicit analytic form the dynamic solution o™, we will give an explicit
form of the vector column B(®). Thus, we can establish an explicit form of V! the inverse

of the Vandermonde matrix V.

In order to better grasp our process, let consider the special case of s = 2. Suppose that
the characteristic polynomial of the sequence (3) is given by P(z) = (2 — A1) (2 — A2)"2,
for the sake of generality we take m;, ma > 2. First, the related generalized Vander-
monde matrix of order r = m + my, is given by,

V= [cl,cgl),.. (1m1 1 CQ,Cgl), . .,cng_l)], (27)
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where the ¢; (i = 1, 2), cgk) 1<k<mp—1)and cgk)(l < k < mg — 1) are defind as in
Expressions (23).

Second, the analytic expression of each element {v,(lp )}nzoz where 0 < p < r — 1, of the
associated fundamental system (7), can be written under the form,

mi1—1 mo—1

o®) = Z 53’;7# AT + Z 65?719' Ay, for every n > 0.

Third, the associated column vectors B?), where 0 < p < r — 1, related to the former
analytic formula of {vﬁf ) }n>0, are given by,

B® = (8F),...,60 88,68 )T (28)

In summary, we have the proposition.

Proposition 3.2. Under the preceding data, the inverse of the generalized Vandermonde matrix
(27) s given by,
v = BO,BY, . .. B,

where the B®) are as (28).

The previous fourth steps investigated to exemplify the preceding special case s = 2,
allow us to formulate the following general algorithm for constructing the inverse of the
generalized Vandermonde matrix,

Step 1. The generalized Vandermonde matrix. Let A, ..., A\; be in K (K = R or C),
and the integer my,...,ms; > 1 and set r = m; + --- + m,. The associated generalized
Vandermonde matrix of order r, is given by,

V= [Cl’ Cgl)’ t ’Cgml_l)a <oy Csy Cgl), . ,Cgms_l)]a
where the ¢; (1 < i < s) and c (1 <i<s,1<k<m;—1)are the vector columns
defined by (23).

Step 2. Analytic form of the associated fundamental system. Let {vn )}n>0 0<p<
r — 1) be the fundamental system (7), whose characteristic polynomial is P(z) = H (z —
i=1
)™= 2" —ag" T — - —ap. Suppose that, for each p (0 < p < r — 1) the analytic
m;—1
formula of {vn }n>0 is computed under the form v(?) = Z Z ﬁ(p ) AL
=1 =

Step 3. Vectors column of V~1. For each p(0<p<r-— 1), we consider the vectors

column B®) = ([3 ,...,,81m1 L oo ﬁso, ..,BLE%S_I)T.

Step 4. The inverse of the generalized Vandermonde matrix V. The matrix V! is given
by vV~ = [B®,BY, ... BV
120



Special case: r = 3 and s = 2. Let A1, A2 be in K and the integers m; = 1, ma = 2. Hence,
we have r = m; + mg = 3. In this case, we have ¢; = (1, A1, \3)7, c2 = (1, M3, A3)T and
cgl) = (0, A2, 2)3)T. Therefore, the associated generalized Vandermonde matrix is,
1 1 0
V=M X X
N2 2x2

The characteristic polynomial associated to V is given by
P(Z) = (Z - )\1)(2 - )\2)2 = 23 — CL()Z2 —aiz — as.

Let {v,(Lp )}nzg (0 < p < 2) be the fundamental system (7) related to the recursive relation
Up = GQUp—1 + a1Up—2 + agvu,—3, for n > 3. Suppose that the analytic formula of each

2 m;—1
{v,(lp )}nzg is given by, v{P) = Z Z sz)nj A, Then, the inverse V~! of the matrix V
i=1 \ j=0
is as follows,
0 1 2
g Bla Ao
V= |8y 8L B (29)
0 1 5
fad el Ba)

) )

4. THE EXPLICIT ANALYTIC FORMULA FOR THE INVERSE OF
THE GENERALIZED VANDERMONDE MATRIX

4.1. First approach. The first approach of the dynamic solution of Subsection 2.2, allows
us to exhibit explicit formulas for the entries of the inverse of the generalized Vander-
monde matrix, using Propositions 2.5, 2.6 and Theorem 3.1. To reach our goal, we con-
sider the following lemma, derived from Expression (8).

Lemma 4.1. Let {v(p )}n>0 (p = 0,...,7 — 2) be the sequence of the fundamental system (7).

m;—1
Then, we have v = Z Z ﬁz g It Ai', for every n > 0, where the B are written under
i=1 7=0
the form,
2 1
59 = arp 1O 4 a, O+ a0, (30)
such that the O *) are given as in (11).
Theorem 2.2 implies that o = ar_p_lvffjll) + ar_pvff:;) +otap— 1v£ pl) 1, moreover,
S m;—1
Proposition 2.6 shows that vg__kl) = Z Z Cg;) n’ A, for 1 < k < p+ 1, where the
i=1 \ j=0
CZ-(E) are given as in (11). Therefore, we obtain,
s m;—1 ‘
Ur(lp) — Z Z (arip 10( ) +ap pC(2) Fa, lc(fn+1)) AP\
i=1 \ j=0
forevery p =0,...,r — 2. Hence, the result follows. [J
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By means of Theorem 3.1 and Lemma 4.1, we can exhibit the first result concerning the
explicit expressions for the entries of the inverse of a generalized Vandermonde matrix.

Theorem 4.2. Inverse of the generalized Vandermonde matrix V. Let A1, ..., \s be non-
zero distinct s real (or complex) numbers and s integers myq, ..., ms. Let V be the associated
generalized Vandermonde matrix (24) of order r = my + - - - + ms. Then, the inverse V=1 of the
matrix V, is given by,

V-l = [BO,BO, . BC-]

) Y )

such that B® (51o>-'-75§?7)m_17--'753,07---:5£{)7315—1)T (0 < p < r—1), namely, the
explicit formulas for the entries by, (u,v =1,...,7)of V7! = [buv]1<u,v<r are as follows,
581;1%, for  1<u<my
-1
— Bél,]uf()m1+1)’ fOT m1+1<u<mg+mg
uv — .
-1
6L§Uu7()m1+m2+---+ms 1+1) ,for mi+mo+---+ms1+1<u<mg+mo+-- 4+ mg

where the B ) areas in Expressions (9)-(10) and the B ( p=0,...,7—2)areas in Expressions
(30), with the Gy *) are given by (11).

For 111ustrat1ng the result the former Theorem 4.2, we consider the following special
case.

Special case: r = 3 and s = 2. Let A1, Ay be in two distinct complex numbers and the two
integer m; =1, mg = 2. Let V = [y, ¢2, cél)] be the associated generalized Vandermonde
matrix of order r = my + mp = 3 defined by (23)-(24). Let consider the polynomial of

degree 3 is given by,
P(z) = (z=M)(z—=X2)? =2 — (202 + \1)2% + (A3 + 201 00)2 — M A2

Thus, we have P(z) = 23 — ag2? — a1z — ag, with ag = 2X2 + A1, a1 = —(A\3 + 21 \2) and
az = MM}, Let calculate the entries of V~! the inverse of the generalized Vandermonde
matrix V. Taking into account s(0,0) = s(1,1) = 1 and s(1,0) = 0 and Equation (10) it
follows

B =W ), 859 = W (A Ae) e B = A W (A1 o)
, - 1] _ 1 2] —1
And, using the formula (9) we derive the v (A1, A2) = T )2,70 (A1, \o) = SYESHE
-1
and ﬂ ]( A1, A2) = SV Therefore, we reach the formulas,
1— A2
@_ 1 @_ -1 2_ _ —1
Pro = (A2 — A1)’ Pa0 = (A2 — A1)? and 31 = (M = A2)A2’

Equation (30) shows that BZ%) = alCi(;») + agCi(i.) and 51'(,0]‘) = agCZ.(;.). Since a1 = —(\3 +
2X\12) and ag = A\; )\5, then, a direct computation, applying the formula (11), allows us to
establish,
2)\2 5 Ao+ Ap
(o =22 721 00 = Ag)’
122

1 —2)\2

( (1) _
6170 ()\2 _ )27 5



as follows,

8!

A3 —2)o 1
(A=A (A=) (A= Ap)?
y-! — —2X1 Ao + )\% 29 -1
(A2 =A% (A2 —A)? (A= Ap)?
-\ Ao+ Ay -1
M (n =) (a2

0) _
0=

(A2

)\2

., Byp =
— )2

—2X\1 A + A2

(A1 —A2)?

B3

W

/\1 A2

Therefore, using the expression (29), we derive that the inverse V-1lof V=

1) .
[01,02,c§ )],13

4.2. Second approach. Let consider the second approach of the dynamic solution of Sub-
section 2.3, for establishing the inverse of the generalized Vandermonde matrix, using re-
sults of Theorems 2.9, 2.10 and Theorem 3.1. To reach our goal, let consider the following
theorem, derived from Expression (8).

In order to identify the explicit formulas of the entries of the inverse matrix of a gener-
alized Vandermonde matrix (24), let recall hereafter, the result of Theorem 2.9 concerning
the dynamic solution (21), which can be adequate for its application in this subsection.

Lemma 4.3. The expression of the dynamic solution oY

s m;—1
USLT—I) _ Z (Z ﬁ(r 1

i=1 h=0

is given by the following formula,

"N, for every n > r, where
m;—1

Gy 2 (™)

s(d, h) are the Stirling number of the first kind and Hi(mifdfl) (\i) are as in (20).

i—d—1) ()\i))\'ida

Bl = ; (31)

Moreover, as we will make use of the formula (8), we have also the following property.

s m;—1
=> (Z C’i(,‘j-)nj ) A, for every

(T 1)

Proposition 4.4. For d = 1,...,r — 1, we have v,

=1 7=0
D3 ()

In the aim to utilize Theorem 3.1 for constructing the inverse of the generalized Van-
dermonde matrix (24), let now consider the following lemma, derived from Expression

(8).
Lemma 4.5. Let {v”},50 (p = 0, ...

n > r, where
m;—1

A(d) _ y—d
Ci,j =\ Z (—
k=3

such that the Bﬁ*l) are as in (31).

(32)

, 7 — 2) be the sequence of the fundamental system (7).

S m;—1
Z ( Z B (p )nj ) , such that ﬁ are written under

Then, for every n > r, we have v{?
i=1

the form,

A 1
+ arflci(ng )a

/@7,(5)) = Qr—p— 10( ) + ar— Péz(i) + -
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where the CA’Z-(Z) are given as in (32).

As aresult of the above data, we get the following result regarding the explicit formula
for the entries of the inverse of the generalized Vandermonde matrix.

Theorem 4.6. Inverse of V. Let \i,..., \s be non-zero distinct s complex or real numbers,
and s integers my,...,ms. Let V be the associated generalized Vandermonde matrix of order
r=mq + -+ mg, thus we have

V-1 = [BO) O, B,

such that B® = (68’8, .. ,88211_1, .. .,B%, ... >B£{J7213_1)T/ where the Bi(;_l) are given Ex-
pressions (31), with Hfmi_d_l)()\i) are as in (20), and the Bf?) (p=0,...,7 — 2) are given by
Expressions (33), with the C*i(j-) are as in (32). More precisely, the explicit formulas of the entries

buy (v =1,...,7) of V1 = [buy)1<uw<r are as follows,
B§”in, for  1<u<m
Alv—1
2 Bé,uf()m1+1)’ fOT’ m1+1<u<mg+mg
byy = .
5(v—1
Bi?u72m1+m2+...+m371+1)7 formi+mo+---+ms1+1<u<mi+me+---+ms

where the Bi(j"j*l) are given Expressions (31), with Hi(mifdfl)()\i) are as in (20) and ﬂAZ(I;) (p =
)

0,...,r — 2)are given by Expressions (33), with the C’fcjl are as in (32).

In order to better understand the general case of Theorem 4.6, we present below, a
significant special case.

Special case: » = 4 and s = m; = mg = 2. Let A\;, A2 be in two distinct complex
numbers and the two integer m; = 2, my = 2. Let V = [¢y, cgl), ca, cgl)} be the associated

generalized Vandermonde matrix of order r = m; + my = 4 defined by (23)-(24), namely,

1 0 1 0
A1AL A2 A
A2 202 A2 2)2
A3AF A3 33

V=

Consider the polynomial of degree 4 given by,

P(Z) = (Z - >\1)2(Z - >\2)2 =2t aoz3 — a122 — a2z — a3

where q¢ = 2()\1 +)\2), a1 = —()\% +4X1 A\ —|—)\%), ag = 2()\%)\1 + )\%)\2) and a3 = —()\%)\%)
Using result of the special case illustrating Theorem 2.9, we have,

5(3) _ —2A1 )9 a0 _ Ao — A3 A0 _ 2A1 o A _ A — A2

OV P e N e O VD V) ED YD P O VD VI ED YD PR O VD VS ED YD PR
From Equation (32) and Equation (33), and because a; = —(A\3+4\Aa+A?), ag = 2(\3A\ +
A?)g) and a3 = —(A}A3), a direct computation shows that,

BMAS — M a0 _ A MG a0 _ —3AIA AT
17

B(O) _ B L2 =
OO0 — X230 7 hE T (0 = A3 A0 TR0 T (0 — X)3A e
124




“XDg + A3

5O _ B O sy ZMAGH NN - A
2L OO0 = M)A T T (g = A3 ag T (A — )3 hg
B(l) . 6)\%)\% ,3(1) B )\i’)\g — 2)\%)\% + )\41L 3(2) . 3)\1)\% + 3)\%)\2 )

20 — 7y, _3y.\3y. )y 'M21 T ' P1,0 =

(A1 — A2)3 A1\ (A1 — A2)3 A1 A L SV WES W
3(2) _ —MA3 4203 — ATAs s2)  —3MA3 —3ATN E(Q) Ao + A A3 —2)3
2! (A1 = A2)3A1 2

(
Bia (A= X2)3 A ha 7720 (A = A)BA N
(1) (1)

Therefore, using Theorem 3.1, we derive that V™! the inverse of V = [c1, ¢/, 2, ¢y ], is
as follows,

3A2A3 — Mg —6A2\3 3A1A3 + 3ATN, —2M\1 M2
-1 L N3 AMAS AN 2AI02 — A A3 203 — A2 Mg — M
K [ =3X303 + AiXo 6AINS —3A12 — 3)\2)\, 2X1 M2

A F N2 NN 22202 X A+ A 203 N
Where K = ()\1 — )\2)3)\1)\2.

5. ANALYZE AND DISCUSSION

In view of their numerous applications, the usual Vandermonde systems and gen-
eralized Vandermonde systems, have been largely studied in the literature (see for ex-
ample [6,7,10,15,17,20] and references therein). In order to resolve them, the topic of
the inverse of associated Vandermonde and generalized Vandermonde matrices contin-
ues to attract a lot of attention, and has been the subject of numerous research papers.
Therefore, various approaches have been implanted for succeeding this inversion (see
for example [2,7,11, 15,16, 18,20] and references therein). Especially, the technique of
LU factorization of matrix (see [12,15,19]), has been examined in [12], for inverting the
generalized Vandermonde matrices.

In our study, we have exploited the fact the resolution of the Vandermonde and gen-
eralized Vandermonde systems (1)-(2), is linked to the determination of the analytical
formula (5) of the linear recursive sequences (3). Recently, such important relation has
been exploited in [2] to develop a method for inverting the Vandermonde and general-
ized Vandermonde matrices. More precisely, Expression (13) from [2, Theorem 2.9] has
been utilized in the aim to establish some explicit formulas of the f3; ; (see [2, Proposition
4.1]).

Regarding our results, we approached the inversion of the generalized Vandermonde
matrix via the computation of the scalars 3; ; or B” 1<i<s50<j<m-—1),by
considering other explicit formulas for analytical expressions of the linear recursive se-
quences (3), and through another approach based on properties of linear algebra. More
precisely, such explicit analytical expressions are applied to the fundamental system (7),
which makes it possible to construct the vectors columns of the inverse of the generalized
Vandermonde matrix V~!. This represents a new procedure, in the algorithmic construc-
tion of the matrix V!, using Theorem 3.1. It is important to specify that, when all the
roots of the polynomial P(z) = 2" — ap2"~! — - -+ — a,_ are simple Expression (16) and
(22), permit to exhibit the inverse of generalized usual Vandermonde matrix as shown

in [2, Theorem 3.3]. And by using our new process this result can be recovered easily.
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6. CONCLUSION AND PERSPECTIVES

This study presents results regarding some explicit formulas for the entries of the in-
verse V! of the generalized Vandermonde matrices. Our process based on the explicit
analytic formula of fundamental system (7), and an algorithmic technique, for construct-
ing the columns of V~L. In the best of our knowledge, the formulas of the entries of v
are not current in the literature.

We do not claim that this study is a complete presentation of all methods for approach-
ing the the inverse V! of the generalized Vandermonde matrices. However, the material
presented here is a reflection of our approaches concerning the inverse V—! of the gen-
eralized Vandermonde matrice, through the properties of fundamental system related to
the associated to difference equations (3).

Finally, as there are other explicit analytic forms (5) of the general term of the linear
recursive sequence (3), this opens up possibilities for obtaining other explicit formulas of
the entries of the inverse V~! of the generalized Vandermonde matrices.
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