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Abstract— From an energy perspective, the water-particle
velocity equations derived from the Euler or Navier Stokes
momentum conservation formulations show an imbalance:
kinetic energy changes occur through variations in velocity,
but no corresponding source of potential energy is included.
To supply this missing potential energy, a Momentum
Equilibrium Equation is introduced, and its horizontal velocity
is superimposed on the velocity from
conservation equation. Three modifications are applied to the

the momentum

Euler momentum equation: reducing the driving force,
applying a weighted Taylor series to the total acceleration,
and treating the convective acceleration as a hydrodynamic
force. Model results on a sloping bottom show that the
approach can simulate shoaling and breaking effectively, pass
through the breaking phase, and continue into shallow water.

I INTRODUCTION

This study aims to develop a time-series water-wave
model that more satisfies
conservation

rigorously fundamental
laws, particularly the conservation of
energy. Ensuring compliance with these principles is
expected to yield a more robust wave model that more
accurately  represents naturally occurring wave
phenomena.

Time-series water-wave modeling has a long history,
beginning with the Boussinesq model (1871). Numerous
subsequent studies have extended the Boussinesq
framework, including work by Peregrine (1967), Hamm

and Madsen (1993), Nwogu (1993), Dingemans (1997),
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Johnson (1997), Madsen and Schaffer (1998), and Kirby
(2003), among others.
Most Boussinesq-type equations retain the foundational

structure of the Airy long-wave model, comprising two
main components: (1) a water-surface elevation equation
derived from the continuity equation, and (2) a horizontal
water-particle velocity equation derived from Euler’s
In the surface-
elevation equation, changes in water level arise solely
from mass flux, reflecting only the conservation of mass.
If surface elevation is interpreted as potential energy,
changes in elevation require an energy transfer from
kinetic energy. Consequently, a surface-elevation

momentum conservation equation.

equation derived solely from continuity lacks an explicit
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energy source and therefore does not satisfy the
conservation of energy. Hutahaean (2025a) addressed this
issue by superposing the continuity equation with the
kinetic-energy conservation equation, producing a
surface-elevation formulation consistent with energy
conservation.

Similarly, the velocity equation derived from Euler’s
momentum conservation formulation represents a balance
of forces, yet it also fails to preserve energy. Changes in
velocity correspond to changes in kinetic energy, which
should be supplied by variations in potential energy.
Hutahaean (2025a) attempted to resolve this by
formulating a pressure equation using the continuity
equation; however, the resulting representation of
potential-energy change remained unclear and its effect
limited.

To address these limitations, the present study
reformulates the momentum equilibrium to be superposed
with the water-particle velocity equation. This approach
provides a physically consistent potential-energy source
for wvariations in kinetic energy while imposing
continuity-based constraints on the velocity equation.

II. DEPTH AVERAGE VELOCITY,
INTEGRATION AND TRANSFORMATION
COEFFICIENTS

The formulation of the water-surface elevation equation
and the water-particle velocity equation involves
integration along the vertical-z axis. This integration can
be simplified by employing the concept of depth-averaged
velocity, defined as the velocity at a representative point

7, below the still-water level (Fig. 1).

T\
z
1 o TZ' Still water level

U =u(x,z,t)

Sea bed

Fig (1). The concept of depth average velocity

Defined as,
n

ﬁuUD=f udz

-h

www.ijaers.com

International Journal of Advanced Engineering Research and Science, 12(12)-2025

n
B, UUD =f uudz

-h

n
By UUUD =J. uuudz
-h

n

BwWD =J. wdz
-h

n
BuwWWD = f ww dz

—h
n

BwwWWWD = f www dz
-h

U is the horizontal depth average velocity and W is the
vertical depth average velocity, D = h + 7 is the total

Water depth and Bu» :Buua ﬁuuua ﬁW’ ﬁWW and ﬁWWW are
the integration coefficients, with values.

_ sinh 67
Pu = Gr cosh kh(1 — €)
(% sinh 260w + 97r)
Buw = 20w cosh?0m(1 — €)
1 . .
3 sinh 36w + 3 sinh 6w
Pua = 80mcosh30n(1 — ¢)
_ coshor — 1
Buw = Om sinh O (1 — €)
(3 sinh 267 — 6
Buw = 20w cosh?0m(1 — €)
%cosh 30m + 3 cosh O — 1—30
Buww = 80m sinh36m(1 — ¢)

The parameter 0 is the deep-water coefficient, for which
tanh 6 =~ 1 (Hutahaean, 2023). The parameter ¢ is a
positive constant satisfying 0 <& < 1.0, with z, =
—¢&h (Fig. 1). The formulation of the integration-
coefficient equations is provided in Hutahaean (2025a).

During the integration of the conservation equations, the
surface water-particle velocities u, and wy, also arise
and must be expressed in terms of the depth-averaged
velocity. This transformation is given by the following
relation:

u
U=—L
au,,
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w=—L
Awn

@y, and @, are the transformation coefficient with the
following values

_ cosh 6
%un = Cosh (1 —¢)

_ sinh 87
%wn = Sinh or(1—¢)

The formulation of the transformation-coefficient
equations is provided in Hutahaecan (2025a).
In the following example, the integration and
transformation coefficients are specified for 8 = 0.85, for
which tanh 67 = 0.9904608. The procedure used to
determine the value of 6 is described in Section VII. The
corresponding integration and transformation coefficients
for this value of 0 are listed in Tables (1) and (2).

Table (1) Integration Coefficient Values

€ Bu .Buu .Buuu BW ﬁWW
0.380 | 0.992 | 1.394 | 1.227 | 0.929 | 1.456

0.381 | 0.994 | 1.401 | 1.236 | 0.932 | 1.465
0.382 | 0.997 | 1.408 | 1.246 | 0.934 | 1473
0.383 | 0.999 | 1.415| 1.255 | 0.937 | 1.482
0.384 | 1.002 | 1.422 | 1.264 | 0.940 | 1.490
0.385 | 1.004 | 1.429 | 1.274 | 0.942 | 1.499
0.386 | 1.007 | 1.436 | 1.283 | 0.945 | 1.507
0.387 | 1.009 | 1.444 | 1.293 | 0948 | 1.516
0.388 | 1.012 | 1.451 | 1.302 | 0.950 | 1.525
0.389 | 1.014 | 1.458 | 1312 | 0.953 | 1.534

0.39 ] 1.017 | 1.465 | 1.322 | 0.956 | 1.543

Table (2) Transformation coefficient values

€ Bu Quy Ay 11— Byl
0.38 1.519 | 2.674 | 2.849 0.008
0.381 | 1.532 | 2.681 2.858 0.006
0.382 | 1.545 | 2.688 | 2.866 0.003
0.383 | 1.558 | 2.694 | 2.874 0.001
0.384 | 1.572 | 2.701 2.882 0.002
0.385 | 1.585 | 2.708 | 2.891 0.004
0.386 | 1.599 | 2.714 | 2.899 0.007
0.387 | 1.613 | 2.721 | 2.907 0.009
0.388 | 1.627 | 2.728 | 2916 0.012
0.389 | 1.641 | 2.735 | 2.924 0.014
0.39 1.655 | 2.741 | 2.933 0.017
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The integration and transformation coefficients used in
this study correspond to f, = 1.0, which occurs at € =
0.383. This selection is not based on a specific theoretical
requirement; rather, it was chosen because it yielded
favorable empirical performance.

III. WATER SURFACE ELEVATION
EQUATION

As is commonly done, the water-surface elevation
equation is derived from the continuity equation.
However, this formulation exhibits an energy imbalance
because changes in surface elevation, which represent
changes in potential energy, occur without an explicit
energy source. The required source should be kinetic
energy. To address this issue, the kinetic-energy
conservation equation is incorporated, and the continuity-
based surface-elevation equation is superposed with the

kinetic-energy equation as follows.
dEy, | AE, duEy, dwE,,
ac ' at | % ax " az

This formulation differs slightly from Hutahaean (2025a)
because it includes the coefficients y,3; and y,3; which

originate from the weighted Taylor-series approach
described in Section 4.2.

Epy = % is the kinetic energy in the horizontal axis -x,

Ey, = % is the kinetic horizontal in the vertical axis-z.

According to Hutahaean (2025a), the superposition of the
continuity equation and the kinetic-energy equation
yields,

(7)== 4 (1)
1dUU By, dAWW
T 2g At 2By, at
_ yx,3 fn Elz’tEkx
BuuD —-h dx
_Zg],/B%W"W"W" ..(D

_ ((Buu - aunaun)UU + (wa - awnawn)WW)
e 29B.,D

Q)

Ye2 and y,, are the weighting coefficients in the
weighted Taylor series for a function f = f(x,t)
(Hutahaean, 2025b). In this study, the values y,, =
1.9973 and y,, = 0.9973 are used. The integration of
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the fifth term on the right-hand side is carried out using
Leibniz's rule (Protter, Murray, Morrey, and Charles,
1985), together with the concept of depth-averaged
velocity and with the assumption that the velocity at the
seabed can be neglected.

[ ;
= udz f,; E[x fa ..(3)
J‘ duEp, 1 dBu,,UUUD  uyu, nE[n
_p dx Z_Zg dx 2g dx

Uy and Wy should be transformed to U and W.

3.1. Differential Vertical Velocity.
Differential water-particle velocity often arises during the
formulation process. The expression for the differential
vertical water-particle velocity is obtained as follows
By integrating the continuity equation and applying the
concept of depth-averaged velocity, we obtain:

dp,ubD dn

wy = — o Ay Tx .. (4)
Vertical depth average velocity,
1 dg,uD dn
= dun (- @V gy
dw 1 dU dn dn dD\ dU
a_t=a_wn(_ “dx dt (a“"a_ H_)E[_t)
.. (5)

The right-hand side of the 1st term of (4) is explained as,

( du + db U Hn)
ﬁu :Bu — Qyy dx
leferentlatmg w1th respect to the horizontal -x axis, and
neglecting the second-order and cross-differential terms,
we obtain:
dw, dDp dn\ dU
Tt == (2B ~ tun )
dx dx

dx dx

Maka,

aw 1 ( a an) av ;
dx awn ﬁ“ %un gy ) dx -~ (6)

IV. HORIZONTAL WATER PARTICLE
VELOCITY EQUATION

The horizontal water-particle velocity equation is
formulated using a modified form of Euler’s momentum
conservation equation. In this study, three modifications
were applied to the original formulation.

4.1. Original Euler’s momentum conservation

equation.

Euler’s momentum conservation principles on the
(x,z) plane consist of two components: the horizontal
momentum equation in the x direction and the vertical
momentum equation in the 2z direction. These are
expressed as:

www.ijaers.com
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du + du tw du  1dp

dt v dx E[z pdx

dw dw dw 1dp

two—=—-——g

dt dx dz pdz

u is the horizontal water particle velocity, w is the
vertical water particle velocity, p is the pressure, p is the
water mass density, g is the gravity, x is the horizontal

axis, z is the vertical axis and t is the time, see Fig (2).

As illustrated in Fig. 2, the acceleration terms on the left-
hand side, interpreted through a Taylor series expansion,
represent the differences in velocity between points E and
F in both the horizontal and vertical directions. The
driving forces on the right-hand side correspond to
pressure differences: the horizontal pressure gradient
arises from the difference between pressures at points A
and B, while the vertical pressure gradient reflects the
pressure difference between points C and D. Because the
pressure field is obtained by integrating the vertical
momentum equation, this integration yields the pressure
distribution as well as the maximum pressure difference
(i.e., the driving force) acting within the fluid.

The magnitude of the resulting driving force renders this
equation inappropriate for representing short, large-
amplitude waves. Although it can be applied to long
waves of small amplitude, it still produces nonphysical
behavior, particularly a wave height that increases
without bound. The detailed analysis underlying this
conclusion is not included here for brevity, and an
exhaustive treatment of Euler’s momentum conservation
equation falls outside the present scope.

D F
6z A
2 z
A X, B
(xo, yo)
0z
2
E
C
—r—>
ox ox
2 2

Fig (2). Control volume in the Euler’s equation.

For practical reference, this Euler-based formulation is
termed the unstable equilibrium equation. Its intrinsic
instability provides the conceptual foundation for
formulating alternative versions of unstable equilibrium

equations.
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4.2. Modified Euler’s momentum conservation equation.
The original Euler momentum equation is modified in
three ways: (1) the driving force is reduced by shortening
the separation between the velocity-difference
observation points; (2) a weighted Taylor expansion is
applied; and (3) the convective acceleration term is
treated as a hydrodynamic force.

a. Modification 1

As previously explained, widely spaced velocity-
difference points produce an excessively large driving
force, leading to numerical instability, particularly in
short-wave simulations. To mitigate this, the distance
between the horizontal and vertical velocity-difference

observation points is reduced (Fig. 3).

ox
)
Ha—>D
A
0z G
2 8
’ 4 A >
A Oz 2
IJ7 O'yo) C
0z
5 E
v
B<e—p F
ox
k3

& > >
Ll | »

Fig (3) Control dalume and ggntrol points for the

modified Buler equation,

The horizontal velocity difference is evaluated between
points E and G, and the vertical velocity difference
between points F and H. These shortened separations
reduce the driving force compared with the original Euler
formulation. The momentum equations become:

du du du 1dp
§+ua+/1w5= —;a
dw dw dw 1dp
@ Mo tWa T pa Y

Using irrotational-flow properties, these can be written as:

Hu+la( 4 ) = 1dp
at " zax HTHMWIE TN
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dw 1d 1dp

This formulation may be regarded as an unstable
equilibrium equation, as the points defining the driving
force differ from those defining the velocity gradients.
The coefficient ¢ is a positive parameter within 0 < p <
1, and its effects are examined in Section VII.

b. Modification 2

The total variation of a function f = f(x,z,t) using a
first-order truncated weighted Taylor series based on the
equation of Hutahaean (2025b) is as follows.

af Vx,3 af yz,3 af
(Sf = ]/t,36ta—t + T(SX@ + 7525
Ve3> Yx3 and ¥, 3 is the weighting coefficient t weighted
Taylor series for function f = f(x, z,t), with value y; 3 =

3.04933. Y43 = y,5 = 2.04933 , Hutahean (2025b).

Applying this weighted Taylor expansion to the modified
Euler momentum equation yields,

du 7vy,3 d 1dp

X2 + —_ -
Vesgr T g ax T eww) = o

dw vy,3; d 1dp
Veagqe ¥ g MWW = g, 9

The purpose of the weighted Taylor series is to produce
shorter modeled wavelengths that better match natural
wavelengths, while simultaneously reducing the driving
force and water-particle velocities.

c. Modification 3
The third modification interprets the convective
acceleration in the second term on the left-hand side as a
hydrodynamic force directed from higher to lower energy.
Consequently, this term is assigned a negative sign (-),
Hutahaean (2025¢).

du y,s3 d 1dp
_— = =——— (7
Ves gy T o g, Wt Hww) PET (7
dw vy,3; d 1dp
Vs gp — gy Cruutww) = paz 9 )

4.3. Pressure and Driving-Force Equations.

The pressure and driving-force expressions are obtained
by integrating Eq. (8) with respect to the vertical
coordinate -z.

To ensure that velocity changes comply with the
continuity equation, the term i—‘f in equation (8) is

replaced with the vertically integrated continuity relation.
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Following Hutahaean (2025a), the resulting pressure
equation is:

Yas, fﬂ 4" ) az 42 ( )
sr=vas ) (g g;4)e n—z
yzS

( puyu, + Wan)
VZS

(—puu + ww) + g(n — 2)

Hence, the horlzontal driving-force equation is,
Y23 E[p d (7/d ("du
p dx y”axf (5 4 @d2>dz
dw, Hn
V3T @
VzS d
2 E[
YZS

d
+TE[_( uuu+ww)+g—n (9)

Integration of the first term on the rlght hand side, solved
using the velocity potential equation, Hutahaean (2025a),
obtains

d (7/d ("du dw, d
— (—f —dz)dzz——n—r7
z

—(= Hupuy + Wan)

dx J, \dt dx dt dx
du, du
-3

dt dt

Substituted to (7),

y ap dw. Hn du, du
22 Vts( — _|_<_17__)

p dx dt dx dt dt
dwy, an
RGN a dx
yz3
2 a
yz3

2 dx
The first and third terms on the right-hand side cancel one

( Hupuy + Wan)

dn
+—=—(- ,uuu+ww)+ga

another, and it is important to recall that y, 3 = ¥, 3,

yx3ap (Hu,7 E[u)

p ax  ‘v\ac  ae
_y?a (—matyuy + wywy)
+y;3a—( uuu + ww)
ggz ..(10)

4.4. Horizontal Velocity Equation.
Substituting Eq. (10) into Eq. (7) gives:

E[u,, du
—VYt3 ( )
dt dt

du d
_Yx3 @ (uu + pww) =

Vo33~ 2 ax

V.3 d
+ ;33 (- —HUyUy, Wan)
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V;3a (—puu + ww) — ggz
Atz =n,
Yes a;tn %; aax (uyuy + pwywy) = gg_z
Transformed into depth average velocity equation,
Vt3Quy aalZ Yxz 8 (aunaunUU + uw n) =
d
~ggr (1)

w, does not need to be transformed to the depth average
velocity.

Equation (11) represents the final governing equation for
the depth-averaged horizontal water-particle velocity. The
left-hand side includes the kinetic-energy variation term

—lt], which, in principle, should be supplied by changes in
potential energy. This requires a contribution from Z[—Z. It

appears implicitly in  w,, but only through its horizontal

o . d
derivative to the axis-x %. Consequently, the

transfer of potential-energy variation to kinetic-energy
variation is minimal.

. o d .
To obtain an adequate contribution from a_Z’ equation.

(11) is superposed with the momentum-equilibrium
equation.

V.  MOMENTUM EQUILIBRIUM EQUATION

5.1. Conservation of Mass.

The momentum equilibrium equation is derived using the
conservation of mass, analogous to the standard
continuity equation. The derivation assumes that over a

. L 8
sufficiently small-time interval 6t from t = t — ?t ket =

5 . .. s
t+7t, the inflow and outflow velocities within the

control volume can be represented by the velocity at t =
t, obtaining the following mass conservation equation,

5u

. g 0 ..(12)
This form applies to incompressible flow within a fixed
control volume. The full derivation is not reproduced

here, as it is standard and can be found in Dean (1991).

5.2. Momentum equilibrium equation.

Taking 6x and 8z close to zero (10) yields the continuity
equation,

du dw

Iz + F T 0 ..(13)
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The same relation can be obtained using an alternative
approach in which the velocity defines u and dw using a

weighted Taylor series.

du du
Su —Yt35t +Yx35x +V23.U6Z_

E[ E[u
Sw = Yts& Vx3ﬂ5x +Yz35Z

Substituting these express10ns into the mass-conservation
equation gives:

du du du
Ye30t qt + V2,36 Tx + V23462 az

ox
dw dw du
VesOt gy = VaahOxX - + V2302 4
+ =0 ..(14)
6z
If, over small-time interval t =t —— k t=t + £ the

velocity is approximated as constant t = t, hence 2—1: =
E[w
at
u = 0, the continuity equation is,
du dw
dx 1 dz
When temporal variations are retained at interval t = t —

= 0, as written in the conservation of mass equation. If

=0

% tot=t+ %, equation §x = &z and (14) are multiplied
by 6x to obtain,

du du
m& +Vx35x +stu5z +yt36t a

E[W du
yx3.u'6x +yz362_ =0

g 5
Dividing by 6t close to zero, where 6—: = u and E =w

and using the irrotationality condition le_u = aa—::,
du  yy3 dw
Vesgr ¥ ax (UU +uww) + vz —— daz
+%a—( uuu +ww) =0

The second and fourth terms correspond to convective
acceleration. As argued by Hutahaean (2025c), these
represent hydrodynamic forces directed from higher to
lower energy and therefore must carry a negative sign.
This leads to the momentum equilibrium equation:

du Yx3 d dw
Ye3qr T o dx — (uu + pww) +yp 3 — ac

Vx3
e (—puu +ww) =0 ...(15)

5.3. Integration of momentum equilibrium equation

Equation (15) is rewritten into an equation for the
horizontal water-particle velocity and integrated with
respect to the vertical-z axis.

f” aud _ Vxa [T d(uu + pww) d
Ves ) ac® =2 ), ax z

www.ijaers.com
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dw V23
—Vt,sf —dz + == ( —Hupuy + nwﬂ) (16)
nd

where the seabed Vertlcal water-particle velocities
u_, and w_j, are neglected.

The integration is carried out using Leibniz’s rule
(Protter, Murray, Morrey, & Charles, 1985), together with
the concept of depth-averaged velocity, and recognizing

that the still-water depth is constant in time t, where &=

dt
09

T du dn
f—dz B.D +(,8u au,,)UE

T dw E[ dn
f Edz = ﬁw —+ (ﬁw aw,,)WE
In this integration, the seabed horizontal water-particle
velocities u_;, and w_; are neglected. The equation for
aw . .
— is equation (5).

du
h at

Sdz, " T dzand T

Substltutlng the expressions f ar

to equation (15),

b= (- 2 (52 - 5)

A, §= _(:Bu _“un)Ua_n_ (Bw _“wn)Wa_n
dt H dt H dt
BwBudUdn Vs j" d(uu + pww) iz
Ay dx dt = 2y.3D ), dx
yz,3
2Ye3

. . o a .
This equation shows the contribution of a—z both directly

+ ) (—/xunun + Wan) - (17)

and through w, towards changes in U = i—[t]. Using
Leibniz integration and the concept of depth-averaged
velocity, the expressions for [ 2% dz and [ 2% gy is

¥ p —-h dx —h ax ’
J” auud _dp,,UUD dn dh

_p dx P Tax Uty T Moty
Seabed velocity is neglected, and the first term on the
right-hand side is expanded.

The surface horizontal velocity u,, is transformed into the
depth-averaged velocity U

T duu dD dau dn
J-_hadz = Buu (UUa+ 2UD a) — aun“unUUa
T dww dg,wWwWD dn dh

f_h ax T ax Mgy T WeWengy

Seabed velocity is neglected, and the first term on the
right-hand side is expanded,

T dww dD daw dn
J- dzzﬂWW(WW—+2WD—)—WW—

_, dx dx dx T dx
5.4. Final equation for the horizontal depth-averaged
velocity.
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In equation (16), the first, second, and third terms on the
right-hand side explicitly contain %, and the fifth term,
through the kinematic free surface boundary condition,
also contains aa_Z' Therefore, this equation contains many
sources of energy contributing to the change of kinetic
energy on the left-hand side. However, this equation
cannot stand alone because it does not have a driving
force. By superposing equation (11) with equation (17), a
new horizontal depth-averaged water particle velocity
equation is obtained that includes sufficient potential
energy sources to support the kinetic energy changes in
i—l:. The superposition is performed simply by adding the
two equations, and the result is:
(yt,3aun + Au) % = %aa_x
dn
—97,
_ (B~ aun) U dn
H dt
(o), 0
H dt
BB AU an
Ay dx dt
Yxz (7 d(uu + pww)
2Y¢3D f—h dx @

(etyn@unUU + pywywy)

+

yz,3
2y¢3D

(—,uunu,7 + Wan) ...(18)

VI. NUMERICAL METHOD

The Finite Difference Method is used for spatial
differentiation, while the time differentiation is solved
using a predictor—corrector method. In the predictor stage,
the Finite Difference Method with a central difference
scheme is applied, and in the corrector stage, an
integration method based on Newton—Cotes numerical
integration is used. Details of the predictor—corrector
method can be found in Hutahaean (2024). The
formulation of the following equations can be found in
Hutahaean (2025c).

a. Time-step 6t.
o’ 24 o =0 19
3 o > og—¢&= ..(19)

b. Grid-size 6x.

5x = 3.1 % 5t . (20)

€ is a very small number. In this research & = 0.005.
Smaller ¢ is followed by smaller time step &t, and the
better the accuracy.
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c. Wave number calculation
Estimated deep water number,

0.2
ko =0.5V:2Ve3 r

m
ho = 0.5 LO = k_o
Wave number at shallow water h < h,,
koho
k =
h

VII. RESEARCH ON THE MODEL

7.1. Wave profile input.

The model is executed with an input solitary wave. In this
study the solitary wave is interpreted only as a wave
profile in which the wave crest and wave trough are
above the still water level. With this profile the initial
condition at the input point is satisfied, namely 1(0,0) =

an _

ac

The input wave equation is,

n(0,t) = —Acosat + A ..(21)

and the wave profile is shown in Fig. 4. The wave
amplitude used is A = 1.2 m and the wave period T =
8.0 sec.

2.5

2

Fig (4) Wave input on t.

7.2. Study on flat bottom

The purpose of this section is to determine the appropriate
value of one of the model coefficients, namely the deep-
water coefficient 6.

7.2.1.  Study of the deep-water coefficient 6.

Each wave period has its own value of the deep-water
coefficient 6, although the differences are small.
Therefore, a single value of 8 can be used for all wave
periods, especially for relatively small wave periods. The
following is an example of a study of 8, using a wave
with period 8.0 seconds and deep-water wave amplitude
Ay =12m,
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The model is executed using 8 = 0.70 and u = 0, with a
simulation time of 10 wave periods or 80 seconds. The
model results are presented in Fig. (5) and Fig. (6). In
these figures, the crest line is the line connecting the wave
crests. For a wave over a flat bottom, the crest line should
remain constant at n = 24 = 2.40 m. In Fig. (5), it can be
seen that the crest line increases, indicating a growth of
wave height. This occurs because the value of 8 is too
small.

At the tail region, small ripples are generated. The
amplitude of these ripples is determined by the wave
steepness. The greater the wave steepness, the larger the
ripples. These ripples can be reduced by decreasing the
wave amplitude, or by reducing the value of 6, although
they cannot be fully eliminated.

3
2.5
2
1.5
1
0.5
0
-0.5

0 100 200 300

n(m)&U(m/sec)

eta u crest line

Fig (5). Results of model, 8 = 0.70 and £ = 0

3
25
2
15 Head
1 Tail
0.5
0 -~AAA AA
-0.5
230 250 270 290

n{m)&U(m/sec)

eta U crest line

In Fig. (7) the model results for 6 = 1.2, are shown.

According to velocity potential theory, a larger 6 is
considered better because tanh 6m approaches one,
Hutahean (2023). However, for this time-series model this
property does not hold. The wave height decreases and
the wave ripples become larger.
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2.5

1.5

0.5

n(m)&U(msec)

-0.5
0 100 200 300

x(m)

eta U crest line

Fig (7). Model results 8 = 1.2and u =0

Thus, the optimal value of 6 is the smallest value for
which no increase in wave height occurs. For the wave
period of 8 seconds, the optimal value is 8 = 0.81. The
model results are shown in Fig. (8).

3

2

n(m)&U(m/sec)

0 50 100 150 200 250 300

x(m)

eta U crest line

Fig (8). Model results, 8 = 0.81andpu =0

7.2.2.  Study of the coefficient u on flat bottom.

The model is executed using § = 0.81 and u = 0.01 with
a uniform distribution of u over the entire domain. A
wave amplitude of 1.2 m and a wave period of 8.0
seconds are used. The model results are shown in Fig. (9).
A reduction in wave height is observed, and the larger the
value of y, the greater the reduction.

The reduction of wave height represents a loss of wave
energy. Therefore, the coefficient y can be interpreted as
the resultant of all energy losses, including viscosity,
radiation stress, bottom friction, and other mechanisms.
The larger the value of pu, the greater the amount of
energy lost. For flat-bottom conditions, it is appropriate to
use u = 0, although a value y > 0 may be used when
energy losses need to be taken into account.
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n(m)&U(m/sec)

-0.5
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eta U crest line

Fig (9). Model results, 6 =0.81,4, =12mandpu =
0.01

7.2.3.  Wave energy losses equation.
It has been shown that p is an energy loss coefficient. The
magnitude of the energy loss depends on the magnitude
of the energy itself, so the value of uis also determined
by the amount of energy. Hence p is a function of wave
energy. Wave energy at a given point changes with time,
and wave energy also changes from one point to another.
Therefore, the energy loss coefficient pis a function of
space and time, u = u(x,t), with the following form of
equation:
UpUy + Wy Wy, dn\? T
ulx,t) = CHO'ZT<1 + 2<£> ) P
... (22)

¢, = 0.21m™'sec*

This equation is formulated intuitively and through trial
and error, without using conservation laws or equilibrium
laws. A discussion of the equation will be presented in the
next paper. The coefficient ¢, is obtained through trial
and error by to match the breaking wave height from
Komar and Gaughan (1972), equation (23). The value of
¢, varies slightly with wave period, with an average value
of 0.21. Therefore ¢, = 0.21 is used.

It should be noted that the average value ¢, = 0.21 is the
result of fitting the breaking wave height H, to the
breaking wave height from equation (23), H, _g;. Using a
breaking wave height from other researchers would result
in a different value of ¢,,.

The breaking wave height equation from Komar and
Gaughan (1972) is,

Hy_xe = 0.39 g/s(T,H2)/s - (23)

7.3. Model Results on a Sloping Bottom.
The model was executed over a sloping bottom with a

slope of 0.05 for several wave periods. The deep-water
depth is denoted as h,, calculated using the equation
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presented in Section VI, where the value of h, varies
according to the wave period T. In the shallow-water
region, a constant water depth of 1.0 m was used.
Consequently, the domain length also varies depending
on the wave period.

The wave-breaking parameters are presented in Table (3),
while the shoaling, breaking, and wave profiles in shallow
water for several wave periods are shown in Figures (11—
19)

Table (3). Parameter breaking output model.

T H, H, hy H, Hp ¢
(sec) | (m) (m) (m) hy, (m)

7.0 0.85 | 2.068 | 5226 | 0.396 | 2.050

8.0 1.20 | 2.843 | 7.452 | 0.381 2.85

9.0 1.45 | 3.491 | 8932 | 0391 | 3.475

10.0 1.85 | 4410 | 11.469 | 0.384 | 4.405

11.0 | 2.15 | 5.196 | 13.276 | 0.391 | 5.161

12.0 | 2.55 | 6.172 | 15.768 | 0.391 | 6.125

In Table (3), H, represents the deep-water wave height,
H,, is the breaking wave height, and h; is the breaking
water depth. It can be seen that the modeled breaking
wave height Hj is fairly close to the Komar—Gaughan

(1972) breaker height H),_g;. The breaker depth index %
b

is much lower than the McCowan (1894) criterion, which
states :—: = 0.78. However, under the McCowan (1894)

criterion, waves reach the coastline with relatively large
wave heights.

Figures (10-18) present the shoaling—breaking patterns
and wave profiles at the breaking point and in shallow
water for several wave periods. The breaking wave height
corresponds to the highest point along the crest line,
which is the line connecting the wave crests.

3
)
g 2
€
5 1
3 /
£ 0 -4
=

-1

0 100 200 300 400
x(m)
eta U crest line

Fig (10) Shoaling-breaking, wave period 8.0 sec.

Page | 22


http://www.ijaers.com/

Hutahaean International Journal of Advanced Engineering Research and Science, 12(12)-2025

3 4.5
’C,‘ —
a2 § 3.5
= ~
£ £ 25
51 =
3 g 1.5
E 0 3
\E \E 0.5
-1
-0.5
170 180 190 200 210 250 270 290 310
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Fig (11) Wave profile around the breaking point hj, = Fig (14) Wave profile around breaking point h, =

7452 m , wave period 8.0 sec. 11.469 m , wave period 10.0 sec.
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E 3 1
< €
-0.5 = 0
260 270 280 290 300
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X(m) 400 410 420 430 440 450 460
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eta U crest line
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Fig (12) Wave profile at shallow water h = 2.4 m , wave
period 8.0 sec. Fig (15) Wave profile at shallow water h = 3.75m ,
wave period 10.0 sec.
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Fig (16) Shoaling-breaking, wave period 12.0 sec.
Fig (13) Shoaling-breaking, wave period 10.0 sec.
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Fig (17) Wave profile around breaking point h;, =
15.768 m , wave period 12.0 sec.
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Fig (18) Wave profile at shallow water h = 5.25m ,
wave period 12.0 sec.

From the model execution over the sloping bottom, it was
found that the model is capable of simulating shoaling
and breaking processes well, where the model can pass
through the breaking condition and continue into shallow
water, but the model stops at water depths still far from
the coastline. This indicates that further development of
the energy-loss formulation is likely required.

VIII. CONCLUSION

This study shows that the original Euler momentum
conservation equation contains an excessive driving force,
leading to instability when applied to short waves with
large amplitudes. It is suitable only for long-wave
conditions with very small amplitudes. Therefore,
modification of the equation is necessary.

The three modifications introduced in this work produce a
formulation capable of representing the maximum wave
amplitude for each wave period and generating
wavelengths reasonably close to natural conditions. The
momentum equilibrium equation supplies the necessary
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potential energy to balance kinetic energy changes in the
water-particle velocity. Its contribution is evident in the
improved model stability during wave breaking, reducing
oscillations in free-surface elevation and particle velocity.

Overall, the combination of the modified Euler
momentum equation and the momentum equilibrium
equation yields a stable and reliable time-series wave
model. Further work is needed to refine the energy-loss
formulation so the model can propagate into very shallow
coastal waters.
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