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Abstract— The traditional Non-dominated Sorting Genetic Algorithm 

II (NSGA-II) struggles to maintain a uniformly distributed solution set 

across the entire Pareto front when dealing with non-uniform, non-

convex, or discontinuous Pareto fronts. This limitation arises because 

its crowding distance metric relies solely on local linear spacing, 

making it prone to issues such as the loss of boundary solutions or local 

redundant clustering. To address this problem, this paper proposes an 

improved NSGA-II algorithm, whose core mechanism is the 

introduction of a dynamic average distance selection strategy into the 

original framework. Instead of using the traditional local crowding 

distance metric, the proposed algorithm constructs an "influence 

rectangle" for each individual using a dynamic scaling factor. This 

transforms the occupancy relationship of individuals in the objective 

space into the degree of geometric overlap between these rectangles, 

enabling the identification and elimination of redundant individuals. 

Experiments are conducted using ZDT series test functions, and the 

Spacing (SP) indicator is employed to evaluate the distribution 

uniformity of the obtained solution sets. Simulation results demonstrate 

that, while maintaining good convergence, the SP indicator values of 

the improved algorithm on the ZDT1, ZDT2, and ZDT3 test functions 

are significantly reduced, with a decrease ranging from 56.10% to 

59.10%. This fully verifies the effectiveness of the dynamic average 

distance strategy in enhancing the distribution uniformity of the 

solution set. When addressing problems with discontinuous and 

concave fronts, the algorithm exhibits excellent robustness and uniform 

distribution capability. By incorporating an adaptive geometric 

evaluation criterion, the improved NSGA-II algorithm provides more 

reliable and stable decision support for complex multi-objective 

optimization problems. 

 

I. INTRODUCTION 

Multi-objective optimization problems (MOPs) are 

prevalent in numerous important fields such as energy 

scheduling, computing resource allocation, engineering 

design, and machine learning. The objective in solving 

such problems is to find a set of Pareto optimal solutions 

that strike a balance between convergence and distribution 

among multiple conflicting objectives. Evolutionary multi-
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objective optimization algorithms, with their powerful 

parallel search capability within a population, have 

become one of the mainstream methods for solving such 

problems. Among these, NSGA-II is recognized as the 

most representative benchmark algorithm due to its two 

core mechanisms: fast non-dominated sorting and 

crowding distance. However, as the complexity of real-

world problems continues to increase, maintaining a 

uniform distribution of the solution set in large-scale, high-

dimensional, or even discontinuous objective spaces 

remains a critical breakthrough point in the design of 

algorithmic improvements. 

To address the shortcomings in the diversity 

maintenance mechanism of NSGA-II, numerous studies 

have been conducted by researchers worldwide to improve 

the algorithm. [1][2][3] Most of this work focuses on 

modifying the crowding distance, introducing strategies 

such as angle information, density estimation, and adaptive 

neighborhoods to mitigate local clustering. Other studies 

draw on ideas from clustering, grid partitioning, or 

reference point guidance to reconstruct the environmental 

selection criteria, aiming to enhance the spread of the 

solution set. For instance, the reference-point-based 

NSGA-III performs well in handling many-objective 

problems, but its distribution performance is highly 

dependent on the pre-defined locations of the reference 

points. Although the methods mentioned above improve 

the distribution uniformity of the algorithm to varying 

degrees, they still struggle to avoid issues like the loss of 

boundary solutions or redundant clustering within 

segmented intervals when faced with non-uniform, non-

convex, or discontinuous Pareto fronts. The fundamental 

reason lies in the fact that most traditional methods 

measure diversity based on local linear distances or fixed 

structures, and these approaches generally lack a holistic 

understanding of the global occupancy relationship of the 

population within the objective space .[4][5][6]  

Addressing the limitations of the traditional NSGA-II 

algorithm discussed above, this paper proposes an 

improved NSGA-II algorithm based on a dynamic average 

distance selection strategy. This algorithm incorporates a 

dynamic scaling factor to assist in constructing an 

influence rectangle model for each individual. This 

transformation shifts the diversity measure from a one-

dimensional linear distance to a multi-dimensional 

assessment of geometric overlap. By quantifying the 

degree of overlap between these rectangles, the method 

can accurately identify and iteratively eliminate redundant 

individuals, allowing for the flexible adaptation and 

adjustment of the screening granularity during the 

evolutionary process. Comparative experiments on ZDT 

series test functions verify that the dynamic average 

distance selection strategy effectively enhances 

distribution uniformity and exhibits good robustness on 

discontinuous and concave fronts. 

 

II. IMPROVEMENT STRATEGY FOR THE 

NSGA-II ALGORITHM 

2.1 Traditional NSGA-II Algorithm 

The core mechanisms of the traditional NSGA-II 

algorithm include fast non-dominated sorting and 

crowding distance.[7][8] The crowding distance maintains 

population distribution by measuring the local spacing 

between an individual and its neighbors. Its calculation is 

straightforward, leading to its widespread application in 

the field of multi-objective optimization. However, this 

metric only reflects one-dimensional linear spacing and 

fails to capture the global occupancy relationships of the 

solution set within the objective space. When dealing with 

non-uniform or discontinuous fronts, individuals in dense 

regions may be misjudged as sparse, and critically 

important boundary solutions are prone to loss during the 

selection process. This limitation restricts the distribution 

performance of NSGA-II on complex front topologies. 

2.2 Core Mechanisms of the Improved NSGA-II 

Algorithm 

The key mechanisms of the improved algorithm primarily 

revolve around three aspects: the dynamic average 

distance, the influence rectangle, and the degree of 

overlap. The dynamic average distance serves as a 

benchmark for global distribution. Its calculation is based 

on the range of the current non-dominated layer across all 

objectives and the population size. It transforms each 

individual into an "influence rectangle" with a specific 

scale, thereby converting the spatial distribution of 

solutions into a geometric occupancy problem. The 

improved algorithm further identifies locally dense regions 

by quantifying the degree of overlap between the influence 

rectangles of neighboring individuals. These three 

mechanisms collectively lay the foundation for the 

subsequent elimination of redundant individuals. 

2.2.1 Dynamic Average Distance and Its Scaling 

In the traditional algorithm, the crowding distance fails to 

reflect the overall distribution state of the population in the 

objective space, as it can only derive the local spacing 

between neighboring individuals. To maintain a similar 

density of solution distribution across different regions, a 

global reference scale that can be flexibly adjusted during 

the evolutionary process is required. The dynamic average 

distance is calculated based on the range of the current 

non-dominated layer on each objective and the population 

size, and its value is updated as the population distribution 
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evolves. Using this as a foundation for unit scaling, the 

influence rectangle for each individual is constructed 

through the dynamic scaling factor Mu, allowing the 

sensitivity of the subsequent geometric overlap assessment 

to be adjusted according to the actual density. 

To establish a global distribution reference, the 

dynamic average distance Mu is introduced. The dynamic 

average distance on the m-th objective, ( )mD f is defined. 

Its calculation is based on the objective range of 

individuals in the current non-dominated layer: 

 

max min

( ) m m
m

f f
D f

N

−
=  (1) 

Here, 
max

mf  and 
min

mf are the maximum and minimum 

boundary values of the current population on the m-th 

objective, respectively, and N is the population size. The 

dynamic scaling factor Mu is introduced to construct an 

influence range centered on each individual. 

Let the dynamic average distance on the m-th objective 

be mD , whose definition is given by equation (1). The 

boundaries of the influence rectangle for individual ii on 

objective m are defined as: 

 

, ,( ) , ( )
2 2

m m
i m m i i m m i

Mu D Mu D
L f R f

 
= − = +x x  (2) 

 Here, ( )m if x  is the function value of individual i on 

the m-th objective. 

2.2.2 Influence Rectangle and Overlap Degree Model 

The influence range of an individual in the objective space 

is jointly determined by the dynamic average distance mD  

and the scaling factor Mu. Each individual i, centered at its 

objective function value ( )m if x , extends outward by a 

distance of / 2mMu D  on each side, forming the 

influence interval of this individual on the m-th objective. 

Combining the influence intervals across all objectives 

yields the two-dimensional influence rectangle of the 

individual in the objective space. Figure 1 illustrates this 

process of constructing an individual's influence rectangle 

in the objective space using the dynamic average distance, 

along with its geometric significance. 

 

Fig. 1：Schematic diagram of individual influence 

rectangles and overlap degree 

 

The overlap degree ,m iZ  between neighboring 

individuals on the m-th objective is defined as: 

 , 1 ,

,

2 ( ) | |

( )

b s

m m i m i

m i

m

D f d d
Z

D f

−− −
=  (3) 

Here, , 1

b

m id −  represents the right and upper boundaries 

of the influence rectangle of the preceding individual, and 

,

s

m id  represents the left and lower boundaries of the 

influence rectangle of the current individual. The overlap 

degree Z is used to reflect the density of individual 

distribution. 

Figure 1 illustrates the geometric representation logic 

of the individual influence rectangle and the overlap 

measure. This figure represents individuals in the objective 

space as influence regions with specific dimensions, 

thereby establishing a distribution evaluation model based 

on spatial occupancy. By transforming the abstract density 

of the solution set into a visualizable overlap distance, this 

model provides a more concrete and intuitive physical 

criterion for identifying and quantifying local clustering 

phenomena on the Pareto front. This also serves as an 

important logical foundation for the subsequent 

elimination of redundant individuals. On a mathematical 

level, the above model ensures the rigor of the dynamic 

average distance selection strategy in maintaining the 

distribution uniformity of the population. 

 

III. ALGORITHM FLOW 

The improved algorithm retains the fast non-dominated 

sorting and genetic operators (crossover, mutation) of 

NSGA-II, with the core improvement lying in the 

environmental selection stage. In this stage, the dynamic 

average distance strategy is introduced to finely regulate 

the distribution of the population. 

3.1 Overall Algorithm Framework 
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The main framework of the improved algorithm still 

follows the basic paradigm of evolutionary multi-objective 

optimization. First, a population of size N is randomly 

initialized, and offspring are generated through crossover 

and mutation. Subsequently, the parent and offspring 

populations are merged to form a combined population of 

size 2N. Through fast non-dominated sorting, the 

population is divided into different Pareto layers 

( 1F , 2F ,…） . While populating the next generation, 

individuals from each layer are added sequentially until the 

inclusion of a certain layer (the critical layer kF ) causes 

the population size to exceed the limit N. At this point, 

instead of using the traditional crowding distance 

calculation, the algorithm employs the dynamic 

redundancy elimination mechanism proposed in this paper. 

3.2 Environmental Selection Logic based on Geometric 

Overlap 

During the selection process for the critical layer kF , the 

improved NSGA-II algorithm performs calculations based 

on equation (1) to determine the dynamic average 

distance mD  for the current non-dominated layer across 

each objective dimension. This distance, calculated based 

on the range of each objective and the population size, 

provides a benchmark for the subsequent construction of 

influence rectangles. According to the definition in Section 

2.2.2, constructing the influence rectangle for each 

individual in layer kF requires the use of the dynamic 

scaling factor Mu, transforming the occupancy range of 

each individual in layer kF  within the objective space into 

geometric regions. Based on the definition in equation (3), 

the overlap degree Z of influence rectangles between 

neighboring individuals within the layer is calculated to 

directly reflect the geometric overlap of individuals in the 

objective space. The magnitude of the overlap degree is 

used to characterize the density of local regions; a higher 

overlap degree indicates a more redundant distribution of 

individuals in that region, suggesting a greater potential 

value for elimination. Identifying redundant individuals 

based on the overlap degree further requires the 

establishment of selection rules to ensure the overall 

uniformity of the population distribution. 

3.3 Iterative Redundant Individual Elimination Strategy 

To ensure that the final retained solution set is uniformly 

distributed along the Pareto front, the screening of the 

critical layer must maximize the overall spread while 

restoring the population size. The calculation of the 

overlap degree depends on the current adjacency 

relationships; eliminating multiple individuals at once may 

alter the spatial topology around the remaining individuals, 

causing their overlap degrees to deviate from the expected 

effect. If batch screening were performed using outdated 

information prior to elimination, subsequent eliminations 

might misrepresent the actual density. Therefore, the 

adopted strategy is an iterative elimination mode, where 

the overlap degree is updated immediately after each 

individual is removed, ensuring that each decision is based 

on the current distribution state. 

The elimination of an individual is based on the value 

of the overlap degree Z The overlap degree, defined by 

equation (3), directly measures the geometric overlap 

between two individuals in the objective space. A larger Z 

value indicates a more crowded local region. Locating the 

individual with the maximum overlap degree corresponds 

to identifying the most redundant solution in the current 

population. Eliminating this individual effectively 

alleviates local clustering and guides the solution set 

towards a more uniform distribution. This principle is 

referred to as "prioritized elimination of the most crowded 

solutions," aiming to relieve dense areas first in order to 

maintain solution diversity. 

Fig. 2：Logic flow chart of the improved NSGA-II 

algorithm 
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After each individual is eliminated, the relationships 

among the remaining individuals change, necessitating the 

recalculation of the overlap degree for the affected 

individuals to reflect the new distribution structure. The 

dynamic update mechanism within the strategy ensures 

that subsequent eliminations are always based on the latest 

geometric overlap information, thereby avoiding the 

accumulation of errors. This process continues iteratively 

until the sum of the remaining individuals in the critical 

layer and the individuals selected from the previous layers 

equals the population size N. Through this iterative 

process, the algorithm can adaptively fill distribution gaps, 

effectively suppressing the emergence of blind clustering, 

and ultimately yielding the desired non-dominated solution 

set uniformly distributed along the Pareto front. The logic 

of the improved NSGA-II algorithm is illustrated in Figure 

2. 

 

IV. EXPERIMENTAL SIMULATION AND 

RESULT ANALYSIS 

To verify the effectiveness of the dynamic average 

distance selection strategy in improving the distribution 

uniformity of the solution set, comparative experiments are 

conducted. Three typical test functions, ZDT1, ZDT2, and 

ZDT3, are selected to represent convex continuous, 

concave continuous, and discontinuous Pareto fronts, 

respectively. The Spacing (SP) indicator is used to reflect 

distribution performance, and the improved NSGA-II 

algorithm is compared with the traditional NSGA-II. 

Algorithm performance is analyzed through statistical 

results from 30 independent runs, and a sensitivity analysis 

is performed on the core parameter, the dynamic scaling 

factor Mu, to determine the most suitable value range. The 

test results will be evaluated from three dimensions: 

distribution uniformity, adaptability to different front 

topologies, and parameter robustness. 

4.1 Simulation Settings 

4.1.1 Design Procedure and Testing Process 

All algorithms used in this simulation are implemented 

using Python 3.8, with core computations relying on the 

NumPy and Matplotlib libraries. Both the traditional 

NSGA-II and the improved algorithm share the same 

genetic operation framework: simulated binary crossover 

(SBX, distribution index 20c = ) and polynomial 

mutation (PM, distribution index 20m = ), with a 

crossover probability p =0.9c  and a mutation probability 

p =1/nm  (where n is the number of decision variables). 

The population size is uniformly set to N=100, and the 

maximum number of generations is Gen=500. The 

decision variable dimension for each test function is set to 

30. 

Crossover is performed using simulated binary 

crossover (SBX). For two parent individuals 
(1)

ix  and 
(2)

ix

, the offspring individuals are generated as follows, 

according to equations (4)——(6): 
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(1, ) (1) (2)0.5 (1 ) (1 )new

i i i i ix x x  = + + −   (5) 

 
(2, ) (1) (2)0.5 (1 ) (1 )new

i i i i ix x x  = − + +   (6) 

Here, [0,1)iu   is a uniformly distributed random 

number, and c  is the crossover distribution index. 

Mutation is performed using polynomial mutation 

(PM). For a decision variable x i  the value after mutation 

is: 

 ( )U L

i i i i ix x x x = +  −  (7) 

Here, 
U

ix  and 
L

ix  are the upper and lower bounds of 

the i-th variable, respectively, and i  is calculated as 

follows: 

 

1

1

1

1

(2 ) 1, 0.5

1 (2(1 )) , 0.5

m

m

i i

i

i i

r r

r r







+

+


− 

= 

− − 

 (8) 

In this equation, [0,1)ir   is a random number, 

and m  is the mutation distribution index. 

To eliminate the interference of randomness in 

performance evaluation, each algorithm is run 

independently 30 times on every test function, with a 

different random seed used for each run. The non-

dominated solution set from the final generation of each 

run is recorded, and its Spacing (SP) indicator is 

calculated. The mean and standard deviation from the 30 

experimental runs are computed to characterize the 

average performance and fluctuation level of the 

algorithms. For the parameter sensitivity analysis part, 

each preselected value of the scaling factor Mu is also 

tested over 30 independent simulation runs. 
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During the testing process, all comparisons are 

conducted using the same initial population and random 

seeds to ensure fairness in the comparison. 

4.1.2 Selection of Test Functions 

To comprehensively evaluate the distribution performance 

of the improved algorithm across different problem 

characteristics, the selection of test functions should cover 

typical Pareto front topologies. To this end, we select the 

ZDT series test functions proposed by Zitzler, Deb, and 

Thiele in 2000, which are widely used for performance 

validation of multi-objective evolutionary algorithms [9]. 

These problems feature two objectives, adjustable Pareto 

front shapes, and known true fronts, facilitating an 

intuitive assessment of both the convergence and 

distribution of the algorithms. To thoroughly investigate 

the performance of the improved algorithm under different 

topological features, this paper selects ZDT1, ZDT2, and 

ZDT3 as the benchmark test functions. 

ZDT1 features a convex continuous Pareto front. Its 

function design is simple and is often used to test an 

algorithm's performance when handling conventional 

convex fronts. ZDT2 is characterized by a concave 

continuous front. Its non-convex nature poses a certain 

challenge to diversity maintenance mechanisms, making it 

effective for testing whether an algorithm suffers from 

clustering or loss of boundary solutions in non-convex 

regions. The Pareto front of consists of multiple 

discontinuous segments, with distinct gaps in the true 

Pareto front. It is often used to evaluate an algorithm's 

ability to capture discrete sub-regions and maintain 

distribution uniformity across different 

segments.[10][11][12] 

The ZDT test function family shares a unified 

mathematical form: 

  1 1 2 1Minimize ( ) , ( ) ( ) ( ), ( )f x x f x g x h f x g x= = 

(9) 

Here, 1 2( , , , ), [0,1]n ix x x x=  x . The specific 

definitions of each function are as follows: 

 

ZDT1 (Convex continuous front): 

 
1 1

2

9
( ) 1 , ( , ) 1 /

1

n

i

i

g x h f g f g
n =

= + = −
−
x  (10) 

ZDT2 (Concave continuous front): 
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( ) 1 , ( , ) 1 ( / )
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g x h f g f g
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ZDT3 (Discontinuous front): 

 

2

9
( ) 1

1

n

i

i

g x
n =

= +
−
x  (12) 

 1 1 1 1( , ) 1 / ( / )sin(10 )h f g f g f g f= − −  (13) 

In the above functions, ( )g x  is responsible for 

controlling convergence, and 1h(f ,g)  determines the 

geometric shape of the Pareto front. The decision variable 

dimension for all test functions is set to n=30. 

These three test functions represent three typical 

topological structures—continuous convex, continuous 

concave, and discontinuous fronts—and can verify the 

effectiveness of the dynamic average distance selection 

strategy in diversity maintenance from different 

perspectives. The algorithm parameters are set as follows: 

population size N=100, maximum number of 

iterations Gen=500, mutation probability 0.01mP = , and 

crossover probability 0.9cP =  

4.2 Evaluation Indicator 

The Spacing indicator is independent of the true Pareto 

front; a smaller value indicates a more uniformly 

distributed solution set. It reflects the distribution 

uniformity of the solution set in the objective space by 

calculating the standard deviation of the minimum 

distances from each solution to its neighboring solutions. 

The literature [13] systematically analyzes the theoretical 

characteristics of the Spacing indicator, verifying its 

effectiveness in measuring distribution uniformity. A 

smaller SP value represents a more uniformly distributed 

set of solutions along the Pareto front. Its calculation 

formula is as follows: 

 
2

1

1
( )

1

n

i

i

SP d d
n =

= −
−
  (14) 

Here, id  is the minimum distance from the i-th 

solution to other solutions, and d  is the mean value. 

4.3 Comparative Analysis of Results 

After 30 independent runs, a performance comparison 

between the improved algorithm and the traditional 

NSGA-II is presented in Table 1. 
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Table 1: Performance comparison of SP indicator (mean ± 

standard deviation) 

Test 

Function 

Traditional 

NSGA-II 

(Mean ± 

Standard 

Deviation) 

Improved 

NSGA-II 

(Mean ± 

Standard 

Deviation) 

Improvement 

(%) 

ZDT1 0.0089 ± 

0.0012 

0.0039 ± 

0.0004 

56.10% 

ZDT2 0.0094 ± 

0.0015 

0.0041 ± 

0.0006 

56.40% 

ZDT3 0.0132 ± 

0.0021 

0.0054 ± 

0.0008 

59.10% 

 

From the simulation results presented in Table 1, it can 

be observed that the improved algorithm achieves a mean 

Spacing indicator value of 0.0039 on ZDT1, 0.0041 on 

ZDT2, and 0.0054 on ZDT3. Compared with the 

traditional NSGA-II algorithm, these values represent a 

significant reduction ranging from 56.10% to 59.10%, 

demonstrating clear numerical optimization. The changes 

in the SP values fully demonstrate that the dynamic 

average distance selection strategy enables a more uniform 

distribution of the solution set. 

 

Fig. 3: Comparison chart of the S indicator for the two 

algorithms under independent runs on the ZDT1 function 

 

To further investigate the robustness and performance 

consistency of the algorithms during the stochastic 

evolutionary process, Figure 3 presents a comparison of 

the Spacing indicator for 15 independent runs on the ZDT1 

test function. The S indicator values for the improved 

algorithm remained stable within the range of 0.0035 to 

0.0045 across all batches of simulation tests, while the 

fluctuation range for the traditional NSGA-II's S values 

was between 0.0075 and 0.0105. The fluctuation range of 

the improved algorithm was reduced by approximately 

60% compared to the traditional NSGA-II, and its results 

were lower than those of the traditional NSGA-II in every 

run. The stability of these numerical values indicates that 

this strategy is relatively reliable in maintaining population 

diversity. The stability of the Spacing indicator in Figure 3 

demonstrates the improved algorithm's ability to achieve 

uniform distribution at a numerical level. The next step 

requires investigating the actual distribution pattern of the 

solution set in the objective space to verify the control 

effect of this strategy on the Pareto front. 

 

Fig. 4: Comparison of Pareto front distributions on the 

ZDT1 function 

 

In Figure 4, compared with the traditional NSGA-II 

algorithm (left), the Pareto front distribution of the 

improved NSGA-II algorithm (right) is more uniform and 

complete. From this, it can be concluded that the dynamic 

average distance selection strategy possesses a certain 

degree of robustness in regulating population distribution. 

The influence rectangle model introduced by the improved 

algorithm establishes a global distribution criterion for the 

objective space, effectively reducing the phenomenon of 

blind clustering caused by the failure of local operators 

during the evolutionary process. Focusing on the ZDT3 

test function characterized by discontinuity, this strategy is 

able to capture boundaries effectively. Within this strategy, 

the redundancy elimination mechanism identifies and 

retains key individuals at the edges of each independent 

segment, and this mechanism also prevents the loss of 

solutions within discrete sub-intervals. This approach, 

grounded in distribution regulation based on geometric 

overlap, can effectively expand the coverage range of the 

Pareto front and ensure a high degree of spread and 

uniformity in the non-dominated solution set under 

complex solution space structures, demonstrating the 

effectiveness of this strategy. 

4.4 Parameter Analysis 

The dynamic scaling factor Mu is a core key parameter in 

the improved strategy. Its main function is to determine the 

size of the "occupancy" range of individuals in the 

objective space and to influence the sensitivity of the 
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redundancy elimination mechanism. The purpose of this 

section is to analyze the impact of variations in Mu on 

algorithm performance through quantitative experiments, 

thereby determining its optimal value range. 

4.4.1 Simulation Design 

To investigate the impact of Mu on the distribution 

indicator Spacing (SP), this simulation selects the 

representative ZDT1 (convex continuous) and ZDT3 

(discontinuous) as the test functions. 

In this simulation, the set of values for Mu is 

configured as {0.5,0.8,1.0,1.2,1.5,1.8,2.0}; the mean and 

standard deviation of the SP indicator for each value are 

used as the evaluation metrics for this simulation; the 

remaining algorithm parameters are consistent with those 

in Section 4.1, and each value is independently run 30 

times. 

4.4.2 Simulation Data Presentation 

The following figure records the distribution performance 

of the algorithm on the test functions under different 

scaling factor Mu values. 

 

Fig. 5: Trend analysis chart of the impact of Mu on the SP 

indicator 

 

Figure 5 visualizes the trend between the dynamic 

scaling factor Mu and the Spacing indicator, also reflecting 

the underlying logic of how the core parameter Mu 

regulates the distribution uniformity of the solution set. As 

the Mu value increases from 0.5 to 1.2, the SP value for 

ZDT1 gradually decreases from 0.0062 to 0.0038, and the 

SP value for ZDT3 gradually decreases from 0.0081 to 

0.0052; when Mu exceeds 1.3, the SP value begins to rise; 

at Mu=1.8, the SP value for ZDT1 increases to 0.0049, and 

the SP value for ZDT3 increases to 0.0067. From the 

trajectory of the SP values, it can be observed that the 

optimal parameter interval for the improved NSGA-II 

algorithm when handling convex and discontinuous fronts 

is [1.0, 1.3]. Within this interval, the SP value remains 

consistently at a relatively low level, demonstrating the 

reasonableness of the influence rectangle model in 

performing redundancy elimination. 

4.4.3 Detailed Analysis and Discussion 

By comparing the distribution morphology of the Pareto 

front under extreme Mu values, the regulatory effect of the 

parameter Mu on the redundancy elimination mechanism 

and solution set uniformity can be further reflected. To 

better illustrate the regulatory impact of the parameter on 

performance, a comparative diagram is presented as 

follows. 

 

Fig. 6: Comparison chart of Pareto front distributions 

under extreme Mu values 

 

It can be seen from Figure 6 that when the scaling 

factor is relatively small ( 0.8Mu  ), the range of an 

individual's "influence rectangle" is limited, resulting in a 

relatively low overlap degree within the space and a high 

SP indicator level. The performance of the improved 

algorithm shows no improvement over the traditional 

crowding distance operator, indicating that the redundancy 

elimination mechanism is not fully triggered, and the issue 

of local blind clustering remains unresolved, ultimately 

leading to an incomplete Pareto front. 

When the Mu value is around 1.2, the SP indicator 

reaches its minimum on both test functions. This reflects 

that the combination of the dynamic average distance and 

this scaling factor can effectively quantify the density of 

solutions, resulting in evenly distributed scattered points. 

At this point, redundant scattered points can be eliminated 

while maintaining a complete Pareto front. 

As the scaling factor Mu continues to increase 

( 1.5Mu  ), the influence rectangles become overly 

expanded. This makes the selection mechanism in the 

environmental selection stage too "strict," potentially 

causing certain boundary solutions with implicit 

evolutionary value to be unintentionally eliminated due to 

excessive overlap. At this point, the effectiveness of the 

elimination mechanism does not meet expectations. On 

discontinuous fronts such as ZDT3, an excessively large 

Mu causes the algorithm to lose or weaken its ability to 

capture the edges of discrete sub-intervals, leading to a 

significant increase in the standard deviation of the SP 

indicator, a decrease in algorithm robustness, and 

ultimately resulting in an incomplete Pareto front. 

4.4.4 Parameter Setting Recommendations 
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From the simulation results above, it can be observed that 

the improved NSGA-II algorithm exhibits a certain degree 

of robustness with respect to the parameter Mu. However, 

in practice, it is recommended to set Mu within the range 

of [1.0,1.3]. This interval ensures that relatively uniformly 

distributed non-dominated solution sets can be obtained 

across Pareto fronts with different topological 

structures.[14] 

 

V. COMPARATIVE ANALYSIS AND 

DISCUSSION OF LIMITATIONS 

Based on the simulation results, it can be observed that the 

dynamic average distance selection strategy effectively 

improves the distribution uniformity of the solution set. 

The key to this strategy lies in shifting the diversity 

measure from linear distance to geometric overlap 

assessment, a transformation that represents a significant 

departure from existing methods at the algorithmic design 

level. Its advantages and limitations still require further in-

depth analysis from the perspective of algorithmic design. 

5.1 Analysis of Algorithm Improvement Points 

Compared with traditional algorithms that use crowding 

distance, such as NSGA-II, the advantage of this algorithm 

lies in its transformation from a point-to-point distance 

metric to a geometric overlap assessment.It can be 

observed from the simulation analysis that when 

traditional algorithms handle discontinuous fronts like 

ZDT3, local operator failures often lead to uneven 

distribution of the solution set or loss of boundary 

portions. In contrast, this paper, through the influence 

rectangle model combined with dynamic average distance 

screening, reduces the blind clustering of solutions during 

the search process, enhances the algorithm's ability to 

capture the edges of discrete sub-intervals, and effectively 

ensures the distribution of the non-dominated solution set. 

5.2 Analysis of Algorithm Limitations 

From the results of this study, it can be seen that the 

dynamic average distance selection strategy is highly 

effective in improving the distribution uniformity of the 

solution set. However, the geometric overlap calculation 

for the influence rectangle requires comprehensive access 

to all neighboring individuals in the critical layer and 

determining intersections across objective dimensions. The 

computational cost of this determination grows 

exponentially with an increase in the dimensionality of the 

objective space. When the number of objectives reaches 

three or more, the computational cost may become a major 

constraint on the execution efficiency of the algorithm. 

The value of the dynamic scaling factor Mu directly 

affects the sensitivity and effectiveness of the redundancy 

elimination mechanism. Different practical engineering 

problems may require pre-tuning based on this interval 

before application. 

When there is a significant difference in the 

magnitudes of different objectives and normalization is not 

performed prior to use, objectives with larger magnitudes 

exert a greater influence on the overlap degree calculation. 

This can potentially bias the fairness of the screening 

mechanism. Therefore, this mechanism requires the 

algorithm to perform normalization preprocessing on the 

objectives before practical application. The above analysis 

provides directions for future improvements aimed at 

many-objective optimization algorithms. 

 

VI. CONCLUSION 

The core of improving the diversity maintenance 

mechanism of the NSGA-II algorithm lies in transforming 

the one-dimensional linear metric of the traditional 

crowding distance into a multi-dimensional assessment 

based on geometric overlap. The dynamic average 

distance, using the range of each objective in the current 

non-dominated layer and the population size as a 

benchmark, constructs a global distribution scale that 

adaptively adjusts throughout the evolutionary process. 

The influence rectangle model quantifies the occupancy 

relationship of individuals in the objective space into 

computable geometric regions, while the overlap degree 

indicator precisely characterizes local density through the 

extent of rectangle intersection. The iterative elimination 

strategy, based on the principle of prioritized elimination 

of the most crowded solutions, removes one redundant 

individual per round and dynamically updates adjacency 

relationships, ensuring the restoration of population size 

while progressively optimizing the overall spread of the 

solution set. 

Experimental results show that the improved algorithm 

achieves mean Spacing indicator values of 0.0039, 0.0041, 

and 0.0054 on the ZDT1, ZDT2, and ZDT3 test functions, 

respectively, representing a reduction of 56.10% to 

59.10% compared to the traditional NSGA-II. The solution 

set on the convex ZDT1 front maintains an equidistant 

distribution, the non-convex regions on the concave ZDT2 

front show no clustering or boundary loss, and the edges of 

each discrete segment on the discontinuous ZDT3 front are 

completely preserved. In the 15 independent runs shown in 

Figure 3, the fluctuation range of the Spacing value for the 

improved algorithm is narrowed by approximately 60% 

compared to the traditional algorithm, verifying its 

stability during stochastic evolution. Parameter sensitivity 

analysis indicates that the optimal interval for the dynamic 

scaling factor Mu is [1.0, 1.3], within which the algorithm 
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is insensitive to parameter fluctuations and maintains 

stable distribution performance. 

At a theoretical level, the geometric overlap assessment 

paradigm extends the attribute of individual distribution 

from point-to-point distance to spatial occupancy analysis. 

The coupling of the overlap degree indicator with the 

iterative elimination mechanism forms a complete closed 

loop for identifying, screening, and updating redundant 

individuals, offering a new perspective for diversity 

maintenance on complex Pareto fronts. At a practical level, 

the improved algorithm does not rely on assumptions 

about front shape and can be directly applied to various bi-

objective engineering optimization problems. The Mu 

value recommendations provided by the parameter 

sensitivity analysis reduce the difficulty of parameter 

tuning. 

Although the distribution performance is significantly 

improved, the intersection calculation for influence 

rectangles grows exponentially with an increase in 

objective dimensions, making computational efficiency a 

bottleneck for problems with three or more objectives. The 

algorithm's performance is highly dependent on 

normalization preprocessing of the objective space, as 

significant dimensional differences can bias screening 

fairness. Future research will focus on optimizing the 

intersection calculation operator and exploring accelerated 

search strategies based on space partitioning to enhance 

the algorithm's applicability in many-objective 

optimization scenarios. 
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